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Abstract — In this paper we introduce a new method
for estimating the internal parameters of a camera.
Our method focuses on a simple statistical model that
exploits the high redundancy of two-frame motion es-
timates available in a sequence. Due to the presence
of noise, different two frame motion estimates will not
be consistent with each other. However, the redun-
dant set provides an overconstrained linear system of
equations which can be solved for a consistent system
The residual
error for this system of equations is a measure of cor-

of motion estimate for the sequence.

rectness of estimated camera calibration. While our
method is general, in this paper we focus on estimat-
ing the focal length. Examples of results on real data
are provided to validate our method.

I Introduction

An important problem in motion estimation from image
sequences is that of self-calibration, ie. the estimation
of the internal parameters of a camera using image
sequences. In general, image acquisition is modeled
using an “ideal” pin-hole camera in conjunction with
a linear transformation that represents internal camera
parameters such as the principal point, skew, aspect ratio
of pixels, focal length etc. Recent work in self-calibration
has resulted in significant progress ( [7], [2], [12]).
Computing the full calibration is in general very hard
due to the non-linear nature of the problem. However
by making some simple, reasonable assumptions, the
complexity of the problem can be greatly reduced. In
most cases, the principal point of the camera is located at
the image center and the aspect ratio is fixed (typically
1). Also since these parameters seldom vary over time,
they can be carefully computed off-line. This leaves the
computation of the focal length as the important part
of camera calibration since the focal length can vary
significantly. While our method is general enough to be
applicable to full calibration, in this paper we focus on
the estimation of camera focal length.

Most of the recent self-calibration methods are based on
the invariance of the absolute quadric and its projection
in the image plane, the absolute conic ( [9], [4], [8]). This
invariance is valid under the class of similarity transfor-
mations. However, the estimation of the image absolute

conic requires the estimation of projective motion models
for the image sequence. Typically estimating the pro-
jective motion for a sequence is difficult since it involves
computation of both the camera motion parameters and
the scene structure simultaneously (resulting in a lot of
parameters).

In contrast, we directly exploit the high information
redundancy available in an image sequence to solve for
the camera parameters. For a sequence of N images,
there are as many as N(]\;l) pairwise motion models
that can be computed. As will be shown in Section II,
this redundant representation enables us to define a
cost function that reflects the correctness of camera
calibration and can be minimised to obtain our estimate.

We very briefly describe projective camera models and
calibration for the sake of completeness. The interested
reader is referred to [12], [9] for details. In general, the
perspective camera model can be represented as
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where (X,Y,Z) represent the three-dimensional co-
ordinates of a world point, (z,y) represent its projection
on the image plane, {R,t} represents the rotation and
translation of the camera with respect to the frame of
reference and K represents the intrinsic camera calibra-
tion. The simplified linear camera model K is represented
as

fz 0 =z
K = 0 fy Yo (2)
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Here f, and f, represent the equivalent focal lengths
(in the x,y directions) and (zg,yo) is the location of the
principal point of the camera. In general, estimation of
the principal point is unstable and will be assumed to be
known throughout the rest of the paper. The intrinsic
calibration and the motion parameters (also known as
the extrinsic parameters) can be subsumed into a sin-
gle 3 x4 matrix P, known as the projective motion model.



By

R

Figure 1: Different motions need to be consistent with
each other.

As mentioned earlier, the calibration of a camera is based
on using the invariance of an absolute conic. In a metric
frame, the absolute quadric can be chosen to be =

I10
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the invariance can be shown to be

] , where I is the 3 x 3 identity matrix [9]. Thus

w = KKT = pOPT (3)

where w is the image absolute conic. This invariance
implies a straightforward minimisation method to solve
for K.

In Section II we introduce our notion of “consistency”
of motion models and develop this idea for the case of
camera rotation in Section III. Section IV provides a
brief description of methods to solve for relative motion
models between image pairs and results on real images
are discussed in Section V.

IT Consistency of Motion Models

In this section we describe our notion of consistency
and develop it for camera rotations. We develop the
intuitive idea of our algorithm using a three-dimensional
rotation model. Consider the case of 3 frames shown
in Fig. 1. As is obvious, if we start at frame i and
return to it via frames j and k, we have the requirement
that Ry;R;pR;; = I, ie. the composition of all the
transformations is an identity since we have returned
to our original frame of reference. This is the notion of
“consistency”, ie. the individual pairwise transforma-
tions are consistent with each other. In the general case,
we have an N frame sequence, and hence we need to
estimate N rotation matrices with respect to a reference
frame. However, due to the presence of noise in the
data, individual pairwise estimates will be erroneous,
therefore the composition constraint on two frame
motions (ie. R;jrx = R;xRi;) will not be satisfied. In other
words, two frame motion estimates are not “consistent”

provides a constraint on the global motion estimates.
Moreover, we note that in a sequence of N frames,
there are as many as NU\;_I) pairwise rotations that can
be estimated which provide a redundant system of lin-
ear equations for the global motion wrt a reference frame.

We denote the motion between frame i and the refer-
ence frame as M;, and the relative motion between two
frames i and j as M;; (See Fig 2). Hence, for linear
models we have the relationship M;; = MjMz-_l. Due to
the presence of noise in our observations, the transforma-
tion estimates would not be consistent. Hence M;; M; #
M;, where M;; is the estimated transformation between
frames ¢ and j. However, we now have constraints on the
global motion model !, ie. M;;M; — M; = 0. Hence we
have the linear relationship

MijM; — Mj = 0,Yi # § (4)

Intuitively, we want to estimate {M;} that are most con-
sistent with the measurements {M;;} in a least-squares
sense. Thus the errors in individual estimates of Mij
are “averaged” out in such a linear system of equations.
Such an averaging ameliorates the situation when cer-
tain individual pairwise estimates have higher amounts
of error and efficiently exploits available information re-
dundancy. Also, to solve for pairwise motion models, we
do not require feature points to be tracked over extended
sequences (as is the case with many projective motion al-
gorithms [11], [10]). Instead we use all available pairwise
motion estimates and since two frame motion estimation
is linear (for point features) and the system of equations
is also linear, the overall algorithm is fast.

IIT Rotation Estimation

In this section, we describe the linear least squares so-
lution for three-dimensional rotation. We represent the
relative rotation between frames ¢ and j as R;;. There-
fore the consistency relationship is R;; = R;R;™". The
error in rotation estimates can be modeled by a rotation
about an arbitrary axis. This is represented by the matrix
ReTrora hence

Rz’j = R;R; ' Rerror, (5)

where Rerror represents a rotation of magnitude [lw||
about the axis represented by the orientation of the
three-dimensional vector g ([5]). The linear solution

can be stated as R;; R; — R; = 0. Clearly, the 9 elements
of the rotation matrix have only 3 degrees of freedom
(ie. ReSO(3)). If we were to directly solve for the least
squares solution, our solution would be an element of R°.
Hence the linear solution cannot be directly computed

!The set of estimates {Mi, Ma,---, My} is the global motion
model
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Figure 2: The global motion wrt a reference frame is estimated by least squares fitting of the relative motions.

using the row or column ordered representation of the
rotation matrix. However, the correct linear solution can
be computed using the quaternion representation.

Any three-dimensional rotation transformation can be
uniquely represented by a four-dimensional quater-
nion q = {q,q,q2,q93}, where qeS*, ie. it is
constrained to have a norm equal to 1. Therefore
o +a?+e’+¢®=1[5].

The quaternion representation of a product of two rota-
tion matrices is a linear transformation of the elements
of the quaternion representations of the two matrices. If
we denote the quaternion corresponding to R; by ¢* and
the linear transformation representation of R;; as Qj,
the relationship R;;R; = R, is represented as Q;;q°' = ¢/,
where

go —q1 —Qq2 —q3
g1 4o —q3 Q2
= 6
@ g2 g3 qo —q1 ( )

g3 —q q qo

This is true since, we have

(007 + a17i+ @i+ ¢3"k) (90" + a1'i+ 2" + k) (7)
= (g’ + @i+ ¢’j + ¢3’k)

where i, j, k follow the rules of composition of the Cayley-
Klein parameters [5]. Hence Eqn. 5 can be rewritten as

Qz’jqi —¢'=0 (8)

where Q,-j is the matrix in Equation 6 corresponding to
Rz’j- This system of equations can be solved linearly. We
can also show that this linear least squares solution is
optimal in the Maximum Likelihood sense.

Lemma 1 For wuniform, Gaussian distributed rotation
error, the linear least squares solution for the rotation
transformations is the Maximum Likelihood Estimate.

Proof:

We assume a uniform, Gaussian distribution for the 3D
rotations represented by the Euler angles, w. This implies
that the rotation errors are about axes that are randomly
oriented and that the magnitude of the rotation error an-
gle has a Gaussian distribution (within the range [0, )).
For such a noise model, the optimal (MLE) solution is

arg. min 3l ©)
i,J
where M represents the consistent motion estimate,
{R1,Rs,---,Rn}. Using Equation 6, the linear system
of equations can be rewritten as
Qz’erM‘orqz - CIJ = €ij, (10)
where Q;; and Qerror are the linear transformations as-
sociated with rotations R;; and Rerror. Since the estima-
tion error is modeled by a small rotation, using a Taylor
series expansion, we have Reror & I + [w],, Where w
represents the error in the estimate (here [.],, denotes the
cross-product matrix, ie. a x b = [a] b. The equivalent
quaternion representation is ¢ = [1,w;,ws,ws3]. There-
fore, we have

1 —WwW; —Wy —Ws3
Q _ W1 1 —Wws3 Wy (11)
error ws ws 1 —w;
W3z —Wo w1 1

For notational convenience, we drop the subscript ij
wherever the meaning is clear. Therefore we can rewrite
the term ¢;; in Eqn. 10 as,

Qo —9 —¢ —q 1 —w —ws —w3

@1 G —493 Q2 wi 1 —w3  wo i
@2 4 Qo —¢ w2  ws 1 —uw |7
g3 —q Q1 qo0 w3 —Wwsy W1 1
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Figure 3: A frame from the PUMA sequence.

Now since @ ¢ — ¢ =0, we can remove the correspond-
ing terms in Eqn. 12. This simplifies the relationship to

9 -G —G¢ —g 0 —w —ws —ws

¢1 @ —9B ¢ wi 0 —w3 wo

G2 9B Qo —q w2  ws 0 —w |1
B —¢ @ w3 —w2 Wi 0

Therefore, since the norm of a quaternion is 1, by car-
rying out the multiplication in the above equation, we
have Ei,j||€jj||2 = Ei,j||wij||2. Hence the least squares
error of Equation 10 is equal to the quantity minimised
in Equation 9. Therefore the linear solution is the Maxi-
mum Likelihood Estimate.

IV Estimating Pairwise Motion
Models

In our framework, we use only pairwise motion models,
ie. the relative motion between any given pair of images.
The existing literature on two-frame motion estimation
is vast and efficient linear methods exist [3]. In this
paper, we use the linear estimators since they are simple,
fast and also give good solutions.

In the case of the projective camera model, the relative
motion between two images is described by a bilinear
relationship, ie. p;7F;p; = 0, where (p;,p;) are
corresponding points in the two images. In the case of
uncalibrated images, F' is known as the fundamental
matriz and in the case of calibrated images, this matrix is
usually denoted E and is called the essential matriz [1, 3].
Furthermore, the essential matrix can also be written
as E = R[t]x, where {R,t} are the relative rotation
and translation between the two cameras. Similarly, in
the case when the camera undergoes a pure rotation,
the image co-ordinates observe a linear relationship, ie.
pP; = H;jpi;- The homography matriz (H = K~ 'RK)
can thus be estimated linearly from observed image

Figure 4: ne frame from the sequence used for camera

calibration.

correspondences .

If we denote the fundamental matrix between images 4
and j by Fjj;, and the true calibration matrix as Ky, the
corresponding Essential matrix will be E%;; = KOTE-]- K.
The equivalent rotation matrix R;; can be extracted from
EY;; [6]. Now if we assume the calibration is K (f) instead

of the correct value Ko, we have Eij = K'(f)TF,-jK'(f).
For errors in calibration, the essential matrix E will move
further away from E°. This will in turn induce large
errors in rotation estimates which in turn implies a larger
residual error for the linear fit of the different pairwise
motions.
Thus the greater the error in the focal length estimate,
the greater the error in each individual rotation estimate
R;;. As a result, these incorrect estimates will not be
consistent with each other and hence the residual error
will be higher. We can use this residual error as a cost
function for estimating the camera calibration. There-
fore, the optimisation we are interested in solving can be
written as

arg min ¥ [1Q;;(K)¢' - ¢|” (12)

i,

It may be noted that here the dependence of the rotation
estimate on the calibration matrix is denoted by Q(K).
Hence, the calibration (focal length) can be estimated
by minimising this cost function. In our experiments,
since the computational cost of evaluating this measure
is small, we resort to a simple search scheme. Such a
search scheme can be further speeded up by a multi-scale
search.

V Results

To evaluate our algorithm, we performed focal length
estimation on two image sequences. In both cases, we
assumed the camera center to be fixed and located at
the image center and that the pixel aspect ratio was
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Figure 5: Focal Length Estimation : Energy landscape for
focal lengths in x and y directions. The global minimum
is clearly located.

1. For the first experiment we used correspondences
from a sequence of 8 images of 1536 x 1024 pixels. ne
image from the sequence is shown in Fig. 4. The energy
landscape for this sequence for the focal lengths in each
dimension (ie. f, and f,) is shown in Fig. 5. The
energy function can be seen to be convex and the global
minimum of our energy function is clearly located. This
global minimum is equivalent to an estimated field of
view of 52.70 x 40.7 . The correct field of view (F V)
for this sequence was 51 x 38 . Thus there is excellent
agreement between the estimated calibration and the
ground truth.

The second experiment we carried out was with the
well known PUMA sequence. In this experiment, we
used 32 feature correspondences that were tracked over
16 frames. The true field of view in this case was 40

and the estimated field of view was 44.3 . Some of
the discrepancy in the result can be attributed to the
limitation of linear estimation of the epipolar geometry.
Experimentally, we have observed that using better
fundamental matrix estimates (obtained using non-linear
minimisations) does result in improved performance.
Given the simplicity of using linear estimates for both
rotation estimation and obtaining a global fit, we believe
that our algorithm is a good way of estimating the focal
length of an image sequence.

VI

In this paper we have introduced a new method for esti-
mating the focal length (or calibration) for an image se-
quence. This method efficiently utilises the redundancy
of information in an image sequence by means of pair-
wise motion estimations and gives good performance in
estimating the camera calibration.
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