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Abstract. In this paperwe introducea principledapproacto modelingtheim-
agebrightnessonstrainfor optical o w algorithms Usingasimplenoisemodel,
we derive a probabilisticrepresentatiofor optical o w. This representatiosub-
sumesxistingapproache® o w modeling,providesinsightsinto thebehaiour
and limitations of existing methodsand leadsto modi ed algorithmsthat out-
performotherapproachethatusethe brightnessonstraintBasedon this repre-
sentationwe develop algorithmsfor o w estimationusingdifferentsmoothness
assumptionsjamelyconstantndafne o w. Experimenton standardiatasets
demonstratéhe superiorityof our approach.

1 Intr oduction

Computingthe optical ow eld betweenmageshasbeena centralproblemin com-
putervision. Thanksto numerousnvestigationsover the pasttwo decadesboth our
understandingf the problemandits algorithmicimplementatiorhave becomencreas-
ing sophisticateqsee[1-6] and referencegherein).Most o w algorithmsare based
on the brightnessconstraintthat is derived from an intensity conseration principle.
Given two imagestaken at time-instantst andt + 1 and denotingthe ow at pixel
(x;y) by (u;v), by conseration of intensity we have the relationship,l (x; y;t) =

I (x + u;y + v;t + 1). By expandingthis function asa Taylor serieswe have a rst-
orderapproximation (x + u;y + v;t+ 1) 1(x;y;t) + %u + %v + %:1 which
simpliestolyu+ Iyv+ Iy = Owherely, |, andl, arethedervativesin thex; y and
t dimensiongespectiely. This relationshipis known asthe brightnessconstraintand
canbeinterpretedasaline in the(u; v) ow spaceSincethe o w atapointconsistof
two valuesasinglebrightnesonstraints insufcient, i.e. o w estimatiorisill-posed
Therefore,o w is estimatedy imposingadditionalassumptionef smoothnessn the
ow eld.

Therearethreesigni cant issueswith usingthe brightnessconstraintthat needto be
addressedimultaneouslyn ary representatiorf-irstly, the brightnessonstraints de-
rivedusinga rst-order Taylor approximationmplying thatthe o w magnitudeis as-
sumedto be small. However mary algorithmsviolate this underlyingassumptiorand
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treatthebrightnesonstrainasanalgebraic line with in nite extent'. Secondlythein-

terpretatiorof thebrightnessonstrainasasingleline intheu v spacds basednthe
assumptiorihattheimagederivativesobseredare "true' values.Thusthe existenceof

noisein theobseredimagedatais notexplicitly accountedor, leadingto unprincipled
algorithms.Thirdly andmostimportantly the derivation of the brightnesonstraintt-

selfis basedn anincorrectmodelwherethetemporaldimensionis treateddifferently
from the spatialdimensionswvhich introducesundesirabléiases Perhapsghis derives
from the early methodswhich assumedhat only two imageswere available,i.e. with

a time-stepof 1. We shall demonstraten this paperthat the correctapproachis to

modelthe spatio-temporalolumein a uniform and continuousmannerandintroduce
thespeci c discretisatiorof the spatio-temporaimagedataonly asanalgorithmicde-
tail. This approactimmediatelyallows usto explain the behaiour of well-knovn o w

algorithmsandalsorecastheir assumptioninto moreaccurateversions.

In this paperwe simultaneoushaddressll the threelimitations mentionedabove. We
systematicallyaccountfor the datanoise and also naturally allow for incorporation
of priors that agreewith the small o w assumptionBy treatingthe spatio-temporal
dimensionsn a uniform frameawork, a key insightthat arisesis thatthe correctrepre-
sentationfor estimatingimage o w is not the two-dimensionalector eld, but rather
its homogeneousounterparti.e. normalisedvolume- ow?. We will alsoshaw thatthe
popularleast-square§.e. Lucas-KanadejndTotal LeastSquareghenceforttreferred
to asTLS) methodsfor constanto w in a patchcanboth be seenasspeci ¢ instances
of our model.We alsoemphasis¢hatan optic o w estimatorconsistsof two compo-
nents,namelythe choiceof datarepresentatiofbrightnessconstraintin our case)and
thecomputationaimodelusedto solve theestimatiorproblem.Recentadvancesn ow
estimationhave beenbasedon increasinglysophisticateccomputationalapproaches,
eg. [4-7]. In contrastthis paperfocuseson the choice of datarepresentatiomnd not
onthecomputationaimodel. Therepresentatioproposecerecanbeincorporatednto
ary computationaframework thatuseshebrightnessonstraintWe alsopoint outthat
importantissuedik e robustnesdo dataoutliersand motion segmentationare outside
thescopeof this paper

2 Probabilistic BrightnessConstraint

In this sectionwe derive a probabilistic model for the image brightnessconstraint.
We develop our solution assuminga continuousspace-timeimage volume. We re-
emphasisehat a time-stepof 1 is an artifact of imageacquisitionand shouldnot in-

! While multi-scaletechniqueexist they aredesignedo reducethemagnitudeof thetrue o win
animage.This,in principle,doesnotimposeary constrainion the magnitudeof the estimated
ow.

2 \olume- ow measureshe ow eld in the spatio-temporalolume and optical ow is its
projectionontotheimageplane.Theunit-normvectot normalised/olume- ow is projectiely
equivalentto optic o w andshouldnot be confusedwith “‘normal o w' which representshe
projectionof optical o w in adirectionorthogonako the brightnessonstraintine.



uence our problemformulation. Thus, althoughthe spatialand temporalresolutions
aredifferent,we make an essentialistinction betweernthe modelandits algorithmic

utilisation. We develop our methodfor continuousdataandat the appropriatguncture
replacetheimagederivativesinvolved by thosecalculatedbn discreteimagedata.This

modelis at the heartof the subsequeralgorithmsthatwe shalldevelop usingdifferent
smoothnesassumptions.

Theestimatedmagederiativesarerepresentedy | 4 = [Ix;ly;1 1" . Werepresenthe
errorin theimagederivativesusinganadditve Gaussiamoisemodeli.e.l 4 = lg4o+ N,
wherel 4o = [Ixo;1yo;lt0]" is thetruevalueof the derivativesandn = [ny;ny;n.]"
is the noiseterm. For the sale of simplicity of presentationye shallin the follow-
ing assumethat the noiseis zero-meanjndependentaind identically distributed, i.e.
n N(O; 2I3) wherelsisthe3 3identity matrix. However this doesnot preclude
theuseof moregeneraformsof noisecovariancematricessincethemeasuremenisan
be whitenedbeforeapplyingour analysis.In general,it is realisticto assumehatthe
spatialand temporalderivatives have differentcovariancesdue to the natureof sam-
pling in spaceandtime. We denotethe three-dimensionalolume- ow at a point as
F= [U;V;W]T whereU; V andW arethedisplacements thex; y andt dimensions
respectiely. Thetwo-dimensionabptical o w is theprojectionof thevolume- ow vec-

tor F ontothex y imageplaneandis denotedas(u; v) whereu = & andv = .
It will be notedthat normalisedvolume- ow f is givenby f = -E— andis alsopro-

Fj
jectively equivalentto the optical ow (u;v),i.e.f / [u;v; 1]T. Usingthe principle of
imagebrightnesonseration,wehavel (x+ U;y+ V;t+ W) = | (x; y;t). By aTaylor
seriesexpansioraroundthepoint (x; y;t) wehave | (x; y;t) + S-U + %V + 2w =
I (x;y;t) leadingto

@U+@V+QW:0 ()

(@ @ @
which is a brightnessconstraintequationin three-dimensionand can be simply ex-
pressedaslq' F = 0. It will beimmediatelyobsened herethatwe have anunknavn
scalefactorfor F, i.e. I4'F = l4"( F) = 0, implying that we can only derive
F upto a scalefactor Hencewe x the scaleby using the normalisedvolume- ow
vector f = ﬁ However, Eqn. 1 appliesto the true image dervatives, whereas
we can only obsere the estimatedderivatives. Thus to de ne the conditional dis-
tribution of the ow given the obsered imagederiatives | 4 usingthe relationship,
lgo" F = (Ig n)TF = 0, weapplythechainrule for conditionalprobabilitiesresult-
ingin

VA
P(Fila) =  P(Fjlao)P(ldojla) dlao 2

FromEqn.1, for thetrueimagederivativeswe notethatthelinearconstrainimpliesthat

only o w valuesthatsatisfythis equatiorareadmissibleThusthe conditionalprobabil-

ity P(Fjl g0) is describedy our brightnesonstraintandis equalto (I49" F) where
(2) is the Delta Function.Also sincethe true derivatives are perturbedby Gaussian



noiseto give the obseredderivative estimatesye canrepresenthe conditionalproba-
bility P (1 40jl 4) by usingtheGaussiamoiseprior. Thisis truesincewe canequialently

nTn
write lgo = Iq n. ThusP(lgojlg) = € 22 wheren = [nx;ny;nt]T representhe
noisein theimagederivatives.Consequently
Z
P(Fjlq) = (|d{QZTFgF rlzmxj;“v““t? dn,dn, dn;

P(Fildo) P (ldojlda)

For, simplicity of presentationve ignorethe normalisatiorrequiredhereto ensurethat
theintegral measurenthe delta-functioris equalto one.Expandinghe constraininto
its respectietermswehavel 40" F = 14" F (kU + nyV + nyW). To solwve for the
integral, we integrateout onevariable(n; in this case}o derive thefollowing

Z
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wherec = I 4" F. Thisis obtainedby integratingout the constrainandsubstitutingfor
n;. After somesimple algebra,we canrewrite the exponentialterm of Egn. 3 asthe
form

(n )R )+ o (@)
With R = &> UZJVWZ VzLiV\Nz ;o= %.Therefore
o (E et e
(Fjla) = w; ¢ zz dn ()

The integral canbe seento be that of a Gaussiarwith a covarianceof R * implying
1

thatthe integral is equalto jRj 2 andis independentf thevalueof . Now jRj =

U2+v2+w? i

=—wz . implying that

1 (xU+iyv+igw)?
2 2 (U2+VZ+W2)

e
P(Fjlg)/ —p
(Jd) HU2+V2+W2

As obsenred earliet the optical ow (u;Vv) is independenbf the magnitudeof the
volume- ow vector F, hencewe cansetjjFjj = 1. This implies that for the homo-
geneousmage ow f (or normalisedvolume- ow) we have

. 1 fTMmf
P(fjlq)/ e 27 7T (6)
wherethe3 3 matrixM is givenby
2 3
Ix |x|x leylxlt
M =415 Ilyle =400y Iyly Iyl d @)
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(a) Single pixel con<{b) Probabilityform of (c) Projectionof distri-
straint constraint bution onimageplane

Fig. 1. Representationsf a brightnessconstraint.(a) the brightnessconstraintplaneintersects
with the unit-spheraesultingin a greatcircle which is equivalentto the corventionalbrightness
constraintline; (b) shawvs the probability distribution of normalisedvolume- ow for a single

pixel. (c) shows the projectionof the distribution in (b) onthex vy imageplane.Note the

“fuzzy bow-tie' form of the o w distribution. The maximaof this distributionis the corventional

brightnesonstraintine.

An analysisof this distribution is instructive. If we considera single pixel, we will
notethatthe probability valuein Eqn.6 is maximisedwhenf is orthogonatto | 4, i.e.
lg" fmax = O.Thusf max liesin theplanethatis normalto | 4. Howeversincejjf jj = 1,
we havef nax con nedto thesurfaceof aunit-sphereThereforethelocusof f nax isa
greatcircle ontheunit-sphereseeFig. 1(a).As f deviatesfrom thegreatcircle f max ,
the magnitudeof the probability distribution decreaseaccordingto Eqn. 6. Thusthe
probability distribution of the normalisedvolume- ow vectorfor a single pixel is a
Gaussian-lik distribution on the unit-spherecenterecon the greatcircle f ox asseen
in Fig. 1(b). The greatcircle anddistribution in Fig. 1(b) canbe seento be the unit-
sphereequivalentsof thebrightnessonstrainline anda Gaussiaristribution centered
ontheline respectiely.

However insteadof consideringa representatiomf f on the unit-spherethe corven-
tional approacthasbeento useF = [u;v; 1]. If we substitutethis form in Eqn.6, we

seethatthe exponentialterm is equalto % which is identicalto the TLS
form usedin [8-10]. In turn the equivalentprobability distribution for (u; v) is shavn
in Fig. 1(c) andcanbeseento have theso-called fuzzy bow-tie' form[11]. As is obvi-

ousfrom theabove analysisandthedistributionsof f in Fig. 1, we notethatthe fuzzy
bow-tie form of the o w distribution is nothingbut anartifact of usingareducedepre-
sentationakpacefor the o w information.This arisesfrom projectinga Gaussian-lik
form on the unit-sphereonto the imageplane,i.e. the fuzzy bow-tie form in Fig. 1(c)
is the projectionof the distribution of Fig. 1(b) ontothe imageplane.Thusthe fuzzy
bow-tie distributionis not veryilluminating andthe probabilityform of Eqn.6 is desir

ableasit leadsto moreaccurateo w estimatesWe alsopoint out thatour probability
modelis fundamentallydifferentfrom thatof [12] wherea Gaussiamoisemodelis ap-
pliedto the o w (insteadof the imagederivatives)anda Gaussiardistribution of ow



ontheimageplaneis derived.In our casethe o w distributionin Eqn.6 is the natural

representationof the informationin the imagederivativesandaswill be seenin the
restof the paper this is a powerful, generalrepresentatiothat canbe appliedto vari-

oussmoothnesassumptionslt is alsogermaneo point out thatin this paperwe are
modelingtheoptic ow eld basednimagederivativeswhich shouldnot be confused
with modelingthemotion eld whichwould dependn ataxonomyof cameramotions,
zooming,rotating,translatingetc.which resultsin speci c typesof motion elds.

3 Optic Flow Algorithms

In Sec.2 we deriveda probability distribution for optical o w ata pixel givenits corre-
spondingmagederiatives.However, sincetheoptical ow eld consistof two values
at eachpixel, the probability distribution derived from a single pixel is insufcient to
determineoptical o w. In particular matrix M in Eqn.6 for a singlepixel canbe seen
to be of rankone.In generaltheill-posednes®f optical o w is addressethy making
avariety of smoothnesassumptionsn the ow eld which allows usto estimatethe
ow eld usingfewerparameterghanthenumberof constraintsvailable. Thesmooth-
nessassumptionganbe broadlycharacterisedsbeingimplicitly dueto a parametric
modelor explicitly dueto the useof a regularisingsmoothnesserm. Examplesof the
formerarethe constanto w assumptiorof LucasandKanad€g[3], afne ow [13-15],
wheread?2, 6] areexamplesof anexplicit smoothingstratey. In all of thesemethods,
the estimationprocesss considerablaffectedby the assumptiorof atime-stepof 1 in
the correspondindormulationsresultingin biasor a greatererror. By explicitly apply-
ing our probabilisticformulationto thesesmoothnesassumptionsve derive modi ed
algorithmsthatbothclarify thebehaiour of the conventionalmethodsandsigni cantly
improve their performanceln the remainderof this sectionwe considerconstantand
af ne modelsandexaminetheirimplicationsfor estimatingoptical o w.

3.1 ConstantFlow

Thesimplestassumptiorior o w estimationis thatof constanto w for animagepatch
which is the basisfor the famousLucas-Kanadelgorithm [3]. Here the brightness
constg:linlis representetby Ixu + Iyv + Iy = 0 andfor a patch,theresidualerroris

E=(Iu+ 1,%v+ 1%)2 wherek denoteghe index of individual pixelsin the

patch.Theminimiserof E is the Lucas-Kanadeolutionandis identicalto theOrdinary
LeastSquareghenceforthOLS) solution:

u — |x|x|x|y let (8)

wherel Iy = P < 1<% etc. As hadbeennotedin [16] this yields a linear, biased
estimateof the o w. The biasappearslueto theimplicit assumptiorthatthetemporal
derivativesare noise-freeandthe useof the TLS methodhasbeensuggestedo over-
comethis bias[8, 9]. This canalsobe explainedusingour probability distribution for



optical o w. For constanto w overa pat@h,usingthe conditionalprobability distribu-
tion of Eqn. 6 we have P(f jpatch) = ~, P(fjl ¢). The ow canbe estimatedby
maximisingthe conditionalprobability distribution

Y gk : 1 fT(P M) f
mfax P(fjlg")) rr}me 272 k K (9)
k
Theestimatedo w is thesmallestieigen-ectorfor matrix

2 3

oW 1 D Iy Tl

M= S MK=W4|X|ym@5 (10)
k=1 Iyl |y|t el

whereN is the numberof pixelsin the patch.This is identicalto the TLS solution.
However, it mustbe pointedout thatthe above derivation of the Maximum Lik elihood
Estimate(MLE) of o w doesnotincorporateaprior distributionfor the o w values As

hasbeennotedin Sec.1, the brightnessconstraintis valid only for a small deviation

from the point aroundwhich the Taylor seriesexpansionis made,i.e. o w cannotbe
large. Thisimplicit assumptiortannotbe capturedy treatingthe brightnessonstraint
asanalgebraicequationandis oftenignored.In our case sincewe representheinfor-

mationat a pixel asa conditionalprobability distribution we canincorporatehe small

o w assumptiorasa prior onthe ow eld. Forthe ow valuesto be small, we note
thatsince(u; v) = (%; %), we requirethe contritution of U andV to the magnitude
of thevolume- ow jjFjj = jj(U;V;W)jj to be small. This notion canbe capturedby

usinga Gaussiamistribution ontherelative magnitudesf U andV, i.e. ﬁ andjj‘F’—jj.

Thisleadsto adistribution of theform

1 u2+v?2 1 fTDf
N — ZU2+vZrw2Z _
P()_ e 2 5 Us+V e+ W = e

whereD is a diagonalmatrix D = diag([1; 1;0]) andthe variable ; controlsthe
in uence of theprior onthe estimatorlf we reintroducethis prior into Egn.2 to weight
the -function appropriatelyour measuremenmatrix for ow estimationis modi ed
into aMaximumA Posteriori(MAP) Estimate Thusinsteadof averagedmatrix M of
Eqgn.10,the o w is seento bethe smallestigen-ectorof matrixﬁmap for

Momap = —NM + %D 1)
n

whereN isthenumberof pixelsin thepatchand ,, and ¢ arethepriorsfor theimage
deriative noiseand o w magnituderespectely. It will be notedthatthe obsenation
matrix in Eqn. 11 represents regularisedsolutionfor the TLS problem[17]. For the
sale of simplicity we reparametrisghis matrixasM + D where representshe
weight (in uence) of the regularisingterm D. For a givenvalueof , the estimated
optical o w valueis givenby thesmalleskigen-\ectorassociateavith thematrix M +
D . Thebehaiour of this parametrisedorm is particularlyilluminating asillustrated
in Fig. 2. In the casewhen = 0, the regulariserhasno in uence on the estimate
andwe getthe TLS solution.When = 1 , the solutionis determinedsolely by the
null-spaceof the regularisingmatrix D, i.e. [0; 0; l]T equivalentto a ow of (0;0).
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Fig. 2. Flow asafunctionof theregularisatiorterm . Theleast-squaresolution(Lucas-Kanade)
liesonthiscurve. True o w andthe TLS solutionarealsoindicated SeeSec.3.1for details.

Thisis intuitively correctsinceherethe o w is determinecdnly by the prior whichis a
Gaussiarcenteredattheorigin. As variesfrom0to 1 theestimatedptic o w traces
a curve from the TLS solutionto the origin. Of particularsigni canceis the factthat
the Lucas-Kanaddor OLS) solutionlies exactly on this parametrisea¢turve, i.e. it is

identicalto a regularisedTLS solutionof optical o w for a particularvalueof ! This

relationships formally describedy thefollowing lemma.

Lemma 1l ThelLucas-Kanadestimateof ow (i.e. OLSsqut|on)|s|dgnt|caltotheTLS
solutlonfortheregularlsedobservatlormatrlxM+ D whee = Ni k=1 K (Ix u+
Iy v+ 1), N is thenumberof pixelsin the patch and (u; v) is the Lucas-Kanadéor

OLS)solution.

Proof:

Werepresenthethree-dimensiohomogeneouso-ordinatesf the o w vectoras[x; 1]" =
[u;v;l]T.Furtherwepartitionthe3 3 obserationmatrixasM = g‘rtc) . Sincethe
- o — _ A+ 1 Db ,
regularisingmatrix D =diag([1,1,0]))we have M + D = B wherel is the

2 2 identity matrix. For the TLS solutionof the regularisedobsenation matrix, we
have

— X _ A+ 1l b x _ X
M+D)y = g ¢ 17 1
) (A+ I )x+b= x (12)

Here is the eigen-alueassociatedvith the TLS solutionfor a given . Thelemma
cannow be proved by examination Let usassumehatthe o w estimatex is the OLS
solutionxp s . By examiningtheobserationmatrixM of Eqn.10andthesolutionfor



XoLs in Egqn.8 we notethatAxo s + b = 0 whichimpliesthatfor x = xo.s the
relationshipin Eqn.12is satis ed

(A+ 1 )Xos + b= Xos + f\Xo&:_P— XoLs

implying that = . Thusthe eigen-relationshigor M + D is satis ed for x =
XoLs Which provesthatthe OLS ow (i.e. Lucas-Kanade)s alsoa solutionfor the
regularisedTLSfor = .Thevalueof cannow beeasilyderivedby notingthelower
relationshign Eqn.12,i.e. = = b'XoLs +C. Thetermsp andc arethethlrd row
of theobsenationmatrixM in Eqn.10implying that = Ni k 1 L (Ku+ Iy v+
I:%). Theform of is alsointuitively satisfying.Informally speaking,it represents
a measureof “texturednessin the temporaldirectionimplying that as the temporal
derivativesgrow in magnitudethe Lucas-Kanadenethodintroducesa greateramount
of bias.It is well known thatwhile the TLS solutionis unbiasedcomparedo the OLS
solution,the TLS hasgreatervariance.In this contet, thein uence of the patchsize
on is informative. Whenthe patchsize (N) is small, is large implying that our
solutionintroducesa biasto reducethe varianceof the solution.Conversely whenthe
patchsizeis large, is smallimplying thatour solutionis closerto the TLS estimateas
desired Thusour formulationcannaturallycapturethe correctrepresentationequired
for accurateo w estimationandalsoexplainsthe behaiour of Lucas-KanadandTLS
algorithms.

3.2 Afne Flow

While the constanto w modelis simpleto implement,its accurag is inherentlylim-
itedas ow elds areseldomcloseto a piece-wiseconstanmodel.A moreappropriate

assumptioris thatof anafne model.An afne ow eld is describedby uv Tz

A Xy T+ ty ty T where(u; V) is the o w at position(x; y) andA isa2 2 ma-
trix. Theaf ne modelhasbeenusedto estimateoptical o w in [13-15].While the TLS
estimatoris unbiasedt hasa highervariancethanthe OLS solution. This impliesthat
for smallimagepatcheswith few equationghe Lucas-Kanadsolutionis preferableo
theTLS solution.However aswe notedin the previoussubsectionwhenwe have mary
equationgthe TLS solutionis preferableto the biasedOLS estimate In generalthe
afne ow modelis estimatedor patchedargerthanthosefor constanto w sincewe
needmary moreequationdo reliably estimatethe six parametersf theaf ne model.
This impliesthatin our probabilisticmodel,the prior haslittle in uence on afne es-
timation and can be ngglectedin our analysishere.By re-writing the optical ow in
homogeneouso-ordinatesve havef = Pa, whereP representtermsrelatingto pixel
position(x; y) anda is the vectorisedrepresentatioffor the af ne parametersUsing
thisform in the probabilitymodelof Eqn.6 we have
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Thusthe problemof estimatingthe af ne parameterss reducedo the minimisationof
asumof Rayleighquotients. This particularquotientform occursfrequentlyin com-
putervision problemslike ellipse tting etc.anda signi cant body of work hasbeen
devotedto its minimisation.In our solutionfor the af ne parametersve usethe First-
OrderRenormalisatiorf [19].

3.3 Performanceof Af ne Flow Estimation

In this subsectionwe evaluateourafne o w estimationschemeausingthe standardm-
agesequencesf Barronet al [1]. All experimentsare performedwith a x ed setof
parametersEachimagesequencés smoothedisinga separablé&aussiarkernelwith
uniform spatialandtemporalstandarddeviation of 1:4 pixels. The derivative lter is
the series-designiter usedin [18]. Apart from the imagedervative Iter the patch
sizeis animportantparametethatin uencesperformancey determininghetrade-of
betweenestimationaccurag (requiringlarge patchesyandresolution(requiringsmall
patches)Throughoutour experimentswe usea constanipatchsizeof 31 31 pixels
andestimatetheafne o w for suchpatcheswith a shift of 5 pixelsin eachdirection.
Thuseachpixel is presenin multiple patchesandthe o w estimatds the averageover
all patchestimatesWe takulateourresultsin Tablesl- 4. Theerrormeasurés identical
to thatof [1] andcanbeseernto measurg¢heanglebetweerthenormalised/olume- ow
representationsf the groundtruth andthe estimate The error valuesfor the rst four
methodsare taken from [1]. As canbe easily obsered, our algorithm performsvery
well with respecto the otherproceduresln particular we point out thatour accurag
is achieved without the use of ary adaptve schemesAlso the standarddeviation of
our errorvaluesaresigni cantly smallercomparedo othermethodsFor the Yosemite
sequenceywe notethatin comparisorwith the adaptve schemeof [4], our estimator
hasalmostthe sameperformancéerrorof 1:16 comparedo 1:14 ) whereaur stan-
dard deviation is signi cantly smaller(1:17 comparedo 2:14 ). While, the results
of [5] onthe Yosemitesequencaresuperiorto ours,we reiteratethatour performance
is achieved by focusingon the representatiorof the brightnessconstraintand not on

% In [18], the authorsusealgebraicargumentsto approximatethe abore objective functionasa
singleratio of quadratidormswherethe numeratoiis anaverageover the patchfor theterms
PTM P andthedenominatois heldto beP T P for agivenpixel co-ordinategx; y).



sophisticateciumericalminimisers.In summarywe notethatour probabilityrepresen-
tation is powerful and even a straight-forvard applicationof this model outperforms
almostall other o w estimatorsOtherre nementslike robustnessadaptve patches,
andmoreaccurateminimiserscanbe expectedo furtherimprove our results.

Method  |Error(in )|Density Method |Error(in )|Density
Lucas-Kanade2.47 0.16 | 100% Lucas-Kanadé0.66 0.67 |39.8%
Horn-Schunck2.55 0.59 | 100% Horn-Schunck2.02 2.27 | 100%
Fleet-Jepson |0.03 0.01 | 100% Fleet-Jepson |0.32 0.38|74.5%
Urasetal. 2.59 0.71| 100% Urasetal. 0.62 0.52 | 100%
Farneback20]/0.74 0.03 | 100% FarnebacK20]|0.62 1.99 | 100%

Liu etal. [18] |0.31) 0.05] 100% Liu etal. [18] [0.20 0.62 | 100%
IOUI’ method 10.091 0.03 l 100% ‘ low method ‘0_13 0.10 ‘ 100% ‘
Method Error(in )|Density

Method  [Error(in_)|Density Lucas-Kanad€ » 1.0)|3.21 5.34|39.5%

- 0,
Lucas-Kanade1.94 2.06 |48.2% S?;Z;;P””Ck 2'?1{73 g'jg ;2060//‘1
Horn-Schunck2.55 3.67 | 100% Memin-PereZ7] 158 1.211100%
Fleet-Jepson |0.99 0.78|61.0% . = 3
Urasetal 264 3481100% Weickertetal. [6] 1.46 100%
- : : 0 Liu etal. [18] 1.39 2.83| 100%
Famebach20]10.75 0.69 | 100% Farneback20] 1.40 2.57 | 100%
Liu etal. [18] [0.65 1.73 | 100% Famobaca] LT 51 I00%
[Our m‘;th;dBI%?ﬂ 0.21]100% | ) Papenbegetal. [5] 099 1.17| 100%
able 3. Divemging TreeResults
oing ! [Our method [1.16 1.17]100% |

Table 4. YosemiteResultgwithout clouds)

4 Conclusions

In this paperwe have introduceda principledapproacho modelingthe brightnesson-
straint. Theresultantprobabilisticmodelis shavn to be powerful andcanbothexplain
the behaiour of existing o w algorithmsandsigni cantly improve their performance.
Futurework will addressnoresophisticateaninimisationapproacheandalsotheutil-
isationof our probabilisticmodelto solve for volume- ow in the spatio-temporatol-
umeof imagesandfor directmotionestimatiorandsegmentation.
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