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Abstract. In this paperwe introducea principledapproachto modelingtheim-
agebrightnessconstraintfor optical�o w algorithms.Usingasimplenoisemodel,
wederive a probabilisticrepresentationfor optical�o w. This representationsub-
sumesexistingapproachesto �o w modeling,providesinsightsinto thebehaviour
and limitations of existing methodsand leadsto modi�ed algorithmsthat out-
performotherapproachesthatusethebrightnessconstraint.Basedon this repre-
sentationwe developalgorithmsfor �o w estimationusingdifferentsmoothness
assumptions,namelyconstantandaf�ne �o w. Experimentson standarddatasets
demonstratethesuperiorityof ourapproach.

1 Intr oduction

Computingtheoptical �o w �eld betweenimageshasbeena centralproblemin com-
putervision. Thanksto numerousinvestigationsover the pasttwo decades,both our
understandingof theproblemandits algorithmicimplementationhavebecomeincreas-
ing sophisticated(see[1–6] and referencestherein).Most �o w algorithmsarebased
on the brightnessconstraintthat is derived from an intensity conservation principle.
Given two imagestaken at time-instantst and t + 1 and denotingthe �o w at pixel
(x; y) by (u; v), by conservation of intensity we have the relationship,I (x; y; t) =
I (x + u; y + v; t + 1). By expandingthis functionasa Taylor serieswe have a �rst-
orderapproximationI (x + u; y + v; t + 1) � I (x; y; t) + @I

@x u + @I
@y v + @I

@t :1 which
simpli�es to I x u + I y v + I t = 0 whereI x , I y andI t arethederivativesin thex; y and
t dimensionsrespectively. This relationshipis known asthe brightnessconstraintand
canbeinterpretedasa line in the(u; v) �o w space.Sincethe�o w atapointconsistsof
two values,asinglebrightnessconstraintis insuf�cient, i.e. �o w estimationis ill-posed.
Therefore,�o w is estimatedby imposingadditionalassumptionsof smoothnesson the
�o w �eld.

Therearethreesigni�cant issueswith usingthe brightnessconstraintthat needto be
addressedsimultaneouslyin any representation.Firstly, thebrightnessconstraintis de-
rivedusinga �rst-order Taylor approximationimplying that the �o w magnitudeis as-
sumedto besmall.However many algorithmsviolate this underlyingassumptionand
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treatthebrightnessconstraintasanalgebraic line with in�nite extent1. Secondly, thein-
terpretationof thebrightnessconstraintasasingleline in theu� v spaceis basedonthe
assumptionthattheimagederivativesobservedare`true' values.Thustheexistenceof
noisein theobservedimagedatais notexplicitly accountedfor, leadingto unprincipled
algorithms.Thirdly andmostimportantly, thederivationof thebrightnessconstraintit-
self is basedon anincorrectmodelwherethetemporaldimensionis treateddifferently
from thespatialdimensionswhich introducesundesirablebiases.Perhapsthis derives
from theearlymethodswhich assumedthatonly two imageswereavailable,i.e. with
a time-stepof 1. We shall demonstratein this paperthat the correctapproachis to
modelthespatio-temporalvolumein a uniform andcontinuousmannerandintroduce
thespeci�c discretisationof thespatio-temporalimagedataonly asanalgorithmicde-
tail. This approachimmediatelyallows usto explain thebehaviour of well-known �o w
algorithmsandalsorecasttheir assumptionsinto moreaccurateversions.

In this paperwe simultaneouslyaddressall thethreelimitationsmentionedabove. We
systematicallyaccountfor the datanoiseand also naturally allow for incorporation
of priors that agreewith the small �o w assumption.By treatingthe spatio-temporal
dimensionsin a uniform framework, a key insight thatarisesis that thecorrectrepre-
sentationfor estimatingimage�o w is not the two-dimensionalvector�eld, but rather
its homogeneouscounterpart,i.e. normalisedvolume-�ow2. We will alsoshow thatthe
popularleast-squares(i.e. Lucas-Kanade)andTotal LeastSquares(henceforthreferred
to asTLS) methodsfor constant�o w in a patchcanbothbeseenasspeci�c instances
of our model.We alsoemphasisethatanoptic �o w estimatorconsistsof two compo-
nents,namelythechoiceof datarepresentation(brightnessconstraintin our case)and
thecomputationalmodelusedto solvetheestimationproblem.Recentadvancesin �o w
estimationhave beenbasedon increasinglysophisticatedcomputationalapproaches,
eg. [4–7]. In contrastthis paperfocuseson the choiceof datarepresentationandnot
onthecomputationalmodel.Therepresentationproposedherecanbeincorporatedinto
any computationalframework thatusesthebrightnessconstraint.Wealsopointout that
importantissueslike robustnessto dataoutliersandmotion segmentationareoutside
thescopeof thispaper.

2 Probabilistic BrightnessConstraint

In this sectionwe derive a probabilisticmodel for the imagebrightnessconstraint.
We develop our solution assuminga continuousspace-timeimage volume. We re-
emphasisethat a time-stepof 1 is an artifact of imageacquisitionandshouldnot in-

1 Whilemulti-scaletechniquesexist they aredesignedto reducethemagnitudeof thetrue�o w in
animage.This, in principle,doesnot imposeany constrainton themagnitudeof theestimated
�o w.

2 Volume-�ow measuresthe �o w �eld in the spatio-temporalvolume and optical �o w is its
projectionontotheimageplane.Theunit-normvector, normalisedvolume-�ow is projectively
equivalentto optic �o w andshouldnot beconfusedwith `normal�o w' which representsthe
projectionof optical�o w in adirectionorthogonalto thebrightnessconstraintline.



�uence our problemformulation.Thus,althoughthe spatialandtemporalresolutions
aredifferent,we make an essentialdistinctionbetweenthe modelandits algorithmic
utilisation.We developour methodfor continuousdataandat theappropriatejuncture
replacetheimagederivativesinvolvedby thosecalculatedondiscreteimagedata.This
modelis at theheartof thesubsequentalgorithmsthatwe shalldevelopusingdifferent
smoothnessassumptions.

Theestimatedimagederivativesarerepresentedby I d = [I x ; I y ; I t ]
T . Werepresentthe

errorin theimagederivativesusinganadditiveGaussiannoisemodel,i.e. I d = I d0 + n,
whereI d0 = [I x 0; I y0; I t 0]T is the truevalueof thederivativesandn = [nx ; ny ; nt ]

T

is the noiseterm. For the sake of simplicity of presentation,we shall in the follow-
ing assumethat the noiseis zero-mean,independentand identically distributed, i.e.
n � N (0; � 2I 3) whereI 3 is the3 � 3 identity matrix.However this doesnot preclude
theuseof moregeneralformsof noisecovariancematricessincethemeasurementscan
be whitenedbeforeapplyingour analysis.In general,it is realisticto assumethat the
spatialandtemporalderivativeshave differentcovariancesdueto the natureof sam-
pling in spaceand time. We denotethe three-dimensionalvolume-�ow at a point as
F = [U; V; W ]T whereU; V andW arethedisplacementsin thex; y andt dimensions
respectively. Thetwo-dimensionaloptical�o w is theprojectionof thevolume-�ow vec-
tor F ontothex � y imageplaneandis denotedas(u; v) whereu = U

W andv = V
W .

It will benotedthatnormalisedvolume-�ow f is givenby f = F
jj F jj andis alsopro-

jectively equivalentto theoptical�o w (u; v), i.e. f / [u; v; 1]T . Usingtheprincipleof
imagebrightnessconservation,wehaveI (x+ U; y+ V; t + W ) = I (x; y; t). By aTaylor
seriesexpansionaroundthepoint (x; y; t) wehave I (x; y; t) + @I

@x U + @I
@y V + @I

@t W =
I (x; y; t) leadingto

@I
@x

U +
@I
@y

V +
@I
@t

W = 0 (1)

which is a brightnessconstraintequationin three-dimensionsandcanbe simply ex-
pressedasI d

T F = 0. It will be immediatelyobservedherethatwe have anunknown
scalefactor for F , i.e. I d

T F = I d
T (� F ) = 0, implying that we can only derive

F upto a scalefactor. Hencewe �x the scaleby using the normalisedvolume-�ow
vector, f = F

jj F jj . However, Eqn. 1 appliesto the true imagederivatives, whereas
we can only observe the estimatedderivatives. Thus to de�ne the conditional dis-
tribution of the �o w given the observed imagederivatives I d using the relationship,
I d0

T F = (I d � n)T F = 0, weapplythechainrule for conditionalprobabilitiesresult-
ing in

P(F jI d) =
Z

P(F jI d0)P(I d0jI d) dI d0 (2)

FromEqn.1, for thetrueimagederivativeswenotethatthelinearconstraintimpliesthat
only �o w valuesthatsatisfythisequationareadmissible.Thustheconditionalprobabil-
ity P(F jI d0) is describedby our brightnessconstraintandis equalto � (I d0

T F ) where
� (:) is the Delta Function.Also sincethe true derivativesareperturbedby Gaussian



noiseto give theobservedderivativeestimates,wecanrepresenttheconditionalproba-
bility P(I d0jI d) byusingtheGaussiannoiseprior. Thisis truesincewecanequivalently

write I d0 = I d � n. ThusP(I d0jI d) = e� n T n
2 � 2 wheren = [nx ; ny ; nt ]

T representthe
noisein theimagederivatives.Consequently

P(F jI d) =
Z

� (I d0
T F )

| {z }
P (F j I d 0 )

e� 1
2 � 2 (n x

2 + n y
2 + n t

2 )
| {z }

P (I d 0 j I d )

dnx dny dnt

For, simplicity of presentationwe ignorethenormalisationrequiredhereto ensurethat
theintegralmeasureonthedelta-functionis equalto one.Expandingtheconstraintinto
its respective termswehave I d0

T F = I d
T F � (nx U + ny V + nt W ). To solve for the

integral,we integrateoutonevariable(n t in thiscase)to derive thefollowing

P(F jI d) =
1

jW j

Z
e� 1

2 � 2 (n x
2 + n y

2 +
( n x U + n y V � c ) 2

W 2 ) dnx dny (3)

wherec = I d
T F . This is obtainedby integratingout theconstraintandsubstitutingfor

nt . After somesimplealgebra,we canrewrite the exponentialterm of Eqn. 3 asthe
form

(n � � )T R(n � � ) + � 0 (4)

with R = 1
W 2

�
U2 + W 2 UV

UV V 2 + W 2

�
; � 0 = ( I x U + I y V + I t W )2

U 2 + V 2 + W 2 . Therefore,

P(F jI d) =
e� � 0

2 � 2

jW j

Z
e� 1

2 � 2 (n � � )T R (n � � ) dn (5)

The integral canbe seento be that of a Gaussianwith a covarianceof R � 1 implying
that the integral is equalto jRj �

1
2 andis independentof the valueof � . Now jRj =

U 2 + V 2 + W 2

W 2 , implying that

P(F jI d) /
e

� 1
2 � 2

( I x U + I y V + I t W ) 2

( U 2 + V 2 + W 2 )

p
U2 + V 2 + W 2

As observed earlier, the optical �o w (u; v) is independentof the magnitudeof the
volume-�ow vectorF , hencewe canset jjF jj = 1. This implies that for the homo-
geneousimage�o w f (or normalisedvolume-�ow) wehave

P(f jI d) / e� 1
2 � 2

f T M f
f T f (6)

wherethe3 � 3 matrixM is givenby

M =

2

4
I x

I y

I t

3

5 �
�

I x I y I t
�

=

2

4
I x I x I x I y I x I t

I x I y I y I y I y I t

I x I t I y I t I t I t

3

5 (7)
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(a) Single pixel con-
straint
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Fig.1. Representationsof a brightnessconstraint.(a) the brightnessconstraintplaneintersects
with theunit-sphereresultingin a greatcircle which is equivalentto theconventionalbrightness
constraintline; (b) shows the probability distribution of normalisedvolume-�ow for a single
pixel. (c) shows the projectionof the distribution in (b) on the x � y imageplane.Note the
`fuzzybow-tie' form of the�o w distribution.Themaximaof thisdistribution is theconventional
brightnessconstraintline.

An analysisof this distribution is instructive. If we considera single pixel, we will
notethat theprobabilityvaluein Eqn.6 is maximisedwhenf is orthogonalto I d, i.e.
I d

T f max = 0. Thusf max liesin theplanethatis normalto I d. Howeversincejj f jj = 1,
wehavef max con�ned to thesurfaceof aunit-sphere.Therefore,thelocusof f max is a
greatcircle on theunit-sphere,seeFig. 1(a).As f deviatesfrom thegreatcircle f max ,
the magnitudeof the probability distribution decreasesaccordingto Eqn.6. Thusthe
probability distribution of the normalisedvolume-�ow vector for a single pixel is a
Gaussian-like distribution on theunit-spherecenteredon thegreatcircle f max asseen
in Fig. 1(b). The greatcircle anddistribution in Fig. 1(b) canbe seento be the unit-
sphereequivalentsof thebrightnessconstraintline andaGaussiandistributioncentered
on theline respectively.

However insteadof consideringa representationof f on the unit-sphere,the conven-
tional approachhasbeento useF = [u; v; 1]. If we substitutethis form in Eqn.6, we

seethat the exponentialterm is equalto ( I x u+ I y v+ I t )2

(u 2 + v2 +1) which is identical to the TLS
form usedin [8–10]. In turn theequivalentprobabilitydistribution for (u; v) is shown
in Fig. 1(c)andcanbeseento have theso-called̀ fuzzybow-tie' form [11]. As is obvi-
ousfrom theabove analysisandthedistributionsof f in Fig. 1, we notethatthefuzzy
bow-tie form of the�o w distribution is nothingbut anartifact of usingareducedrepre-
sentationalspacefor the�o w information.This arisesfrom projectinga Gaussian-like
form on theunit-sphereonto the imageplane,i.e. the fuzzy bow-tie form in Fig. 1(c)
is the projectionof the distribution of Fig. 1(b) onto the imageplane.Thusthe fuzzy
bow-tie distribution is notvery illuminatingandtheprobabilityform of Eqn.6 is desir-
ableasit leadsto moreaccurate�o w estimates.We alsopoint out thatour probability
modelis fundamentallydifferentfrom thatof [12] whereaGaussiannoisemodelis ap-
plied to the�o w (insteadof the imagederivatives)anda Gaussiandistribution of �o w



on theimageplaneis derived.In our casethe�o w distribution in Eqn.6 is thenatural
representationof the information in the imagederivativesandaswill be seenin the
restof thepaper, this is a powerful, generalrepresentationthatcanbeappliedto vari-
oussmoothnessassumptions.It is alsogermaneto point out that in this paperwe are
modelingtheoptic �ow �eld basedon imagederivativeswhich shouldnot beconfused
with modelingthemotion�eld whichwoulddependonataxonomyof cameramotions,
zooming,rotating,translatingetc.which resultsin speci�c typesof motion�elds.

3 Optic Flow Algorithms

In Sec.2 wederivedaprobabilitydistribution for optical�o w atapixel givenits corre-
spondingimagederivatives.However, sincetheoptical�o w �eld consistsof two values
at eachpixel, the probability distribution derived from a singlepixel is insuf�cient to
determineoptical �o w. In particular, matrix M in Eqn.6 for a singlepixel canbeseen
to beof rankone.In general,the ill-posednessof optical �o w is addressedby making
a varietyof smoothnessassumptionson the �o w �eld which allows us to estimatethe
�o w �eld usingfewerparametersthanthenumberof constraintsavailable.Thesmooth-
nessassumptionscanbebroadlycharacterisedasbeingimplicitly dueto a parametric
modelor explicitly dueto theuseof a regularisingsmoothnessterm.Examplesof the
formeraretheconstant�o w assumptionof LucasandKanade[3], af�ne �o w [13–15],
whereas[2,6] areexamplesof anexplicit smoothingstrategy. In all of thesemethods,
theestimationprocessis considerableaffectedby theassumptionof a time-stepof 1 in
thecorrespondingformulationsresultingin biasor a greatererror. By explicitly apply-
ing our probabilisticformulationto thesesmoothnessassumptionswe derive modi�ed
algorithmsthatbothclarify thebehaviour of theconventionalmethodsandsigni�cantly
improve their performance.In the remainderof this sectionwe considerconstantand
af�ne modelsandexaminetheir implicationsfor estimatingoptical�o w.

3.1 ConstantFlow

Thesimplestassumptionfor �o w estimationis thatof constant�o w for animagepatch
which is the basisfor the famousLucas-Kanadealgorithm [3]. Here the brightness
constraintis representedby I x u + I y v + I t = 0 andfor a patch,the residualerror is
E =

P
k (I x

k u + I y
k v + I t

k )2 wherek denotesthe index of individual pixels in the
patch.Theminimiserof E is theLucas-Kanadesolutionandis identicalto theOrdinary
LeastSquares(henceforthOLS)solution:

�
u
v

�
=

�
I x I x I x I y

I x I y I y I y

� � 1�
� I x I t

� I y I t

�
(8)

whereI x I x =
P

k I x
k I x

k etc.As hadbeennotedin [16] this yields a linear, biased
estimateof the�o w. Thebiasappearsdueto theimplicit assumptionthatthetemporal
derivativesarenoise-freeandthe useof the TLS methodhasbeensuggestedto over-
comethis bias[8,9]. This canalsobeexplainedusingour probabilitydistribution for



optical �o w. For constant�o w over a patch,usingtheconditionalprobabilitydistribu-
tion of Eqn. 6 we have P(f jpatch) =

Q
k P(f jI d

k ). The �o w canbe estimatedby
maximisingtheconditionalprobabilitydistribution

max
f

Y

k

P(f jI d
k ) ) min

f
e� 1

2 � 2 f T (
P

k M k ) f (9)

Theestimated�o w is thesmallesteigen-vectorfor matrix

M =
1
N

NX

k=1

M k =
1
N

2

4
I x I x I x I y I x I t

I x I y I y I y I y I t

I x I t I y I t I t I t

3

5 (10)

whereN is the numberof pixels in the patch.This is identical to the TLS solution.
However, it mustbepointedout thattheabove derivationof theMaximumLikelihood
Estimate(MLE) of �o w doesnot incorporateaprior distributionfor the�o w values.As
hasbeennotedin Sec.1, the brightnessconstraintis valid only for a small deviation
from the point aroundwhich the Taylor seriesexpansionis made,i.e. �o w cannotbe
large.This implicit assumptioncannotbecapturedby treatingthebrightnessconstraint
asanalgebraicequationandis oftenignored.In our case,sincewe representtheinfor-
mationat a pixel asa conditionalprobabilitydistribution we canincorporatethesmall
�o w assumptionasa prior on the �o w �eld. For the �o w valuesto be small,we note
thatsince(u; v) = ( U

W ; V
W ), we requirethecontribution of U andV to themagnitude

of the volume-�ow jjF jj = jj (U; V; W )jj to be small.This notioncanbe capturedby
usingaGaussiandistributionontherelativemagnitudesof U andV , i.e. U

jj F jj and V
jj F jj .

This leadsto adistributionof theform

P(:) = e
� 1

2 � f
2

U 2 + V 2

U 2 + V 2 + W 2 = e
� 1

2 � f
2

f T D f
f T f

whereD is a diagonalmatrix D = diag([1; 1; 0]) and the variable� f controlsthe
in�uence of theprior on theestimator. If wereintroducethisprior into Eqn.2 to weight
the � -function appropriately, our measurementmatrix for �o w estimationis modi�ed
into a MaximumA Posteriori(MAP) Estimate.Thusinsteadof averagedmatrix M of
Eqn.10, the�o w is seento bethesmallesteigen-vectorof matrixM map for

M map =
1

� n
2 N M +

1
� f

2 D (11)

whereN is thenumberof pixelsin thepatchand� n and� f arethepriorsfor theimage
derivative noiseand�o w magnituderespectively. It will benotedthat theobservation
matrix in Eqn.11 representsa regularisedsolutionfor theTLS problem[17]. For the
sake of simplicity we reparametrisethis matrix as M + �D where� representsthe
weight (in�uence) of the regularisingterm D. For a given valueof � , the estimated
optical�o w valueis givenby thesmallesteigen-vectorassociatedwith thematrixM +
�D . Thebehaviour of this parametrisedform is particularlyilluminating asillustrated
in Fig. 2. In the casewhen � = 0, the regulariserhasno in�uence on the estimate
andwe get the TLS solution.When� = 1 , the solutionis determinedsolely by the
null-spaceof the regularisingmatrix D , i.e. [0; 0; 1]T equivalent to a �o w of (0; 0).
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Fig.2.Flow asafunctionof theregularisationterm� . Theleast-squaressolution(Lucas-Kanade)
lieson thiscurve.True�o w andtheTLS solutionarealsoindicated.SeeSec.3.1for details.

This is intuitively correctsinceherethe�o w is determinedonly by theprior which is a
Gaussiancenteredat theorigin. As � variesfrom 0 to 1 theestimatedoptic �o w traces
a curve from the TLS solutionto the origin. Of particularsigni�canceis the fact that
the Lucas-Kanade(or OLS) solution lies exactly on this parametrisedcurve, i.e. it is
identicalto a regularisedTLS solutionof optical �o w for a particularvalueof � ! This
relationshipis formally describedby thefollowing lemma.

Lemma 1 TheLucas-Kanadeestimateof �ow (i.e. OLSsolution)is identicalto theTLS
solutionfor theregularisedobservationmatrixM + �D where� = 1

N

P N
k=1 I t

k (I x
k u+

I y
k v + I t

k ), N is thenumberof pixelsin thepatch and(u; v) is theLucas-Kanade(or
OLS)solution.

Proof:
Werepresentthethree-dimensionhomogeneousco-ordinatesof the�o w vectoras[x; 1]T =

[u; v; 1]T . Furtherwepartitionthe3 � 3 observationmatrixasM =
�

A b
bT c

�
. Sincethe

regularisingmatrix D=diag([1,1,0])we have M + �D =
�

A + �I b
bT c

�
whereI is the

2 � 2 identity matrix. For the TLS solutionof the regularisedobservation matrix, we
have

(M + �D )
�

x
1

�
=

�
A + �I b

bT c

� �
x
1

�
= �

�
x
1

�

) (A + �I )x + b = � x (12)

Here� is theeigen-valueassociatedwith theTLS solutionfor a given � . The lemma
cannow beprovedby examination.Let usassumethat the�o w estimatex is theOLS
solutionxOLS . By examiningtheobservationmatrixM of Eqn.10andthesolutionfor



xOLS in Eqn.8 we notethat Ax OLS + b = 0 which implies that for x = xOLS the
relationshipin Eqn.12 is satis�ed

(A + �I )xOLS + b = �x OLS + Ax OLS + b| {z }
=0

= � xOLS

implying that � = � . Thus the eigen-relationshipfor M + �D is satis�ed for x =
xOLS which proves that the OLS �o w (i.e. Lucas-Kanade)is alsoa solution for the
regularisedTLSfor � = � . Thevalueof � cannow beeasilyderivedbynotingthelower
relationshipin Eqn.12,i.e. � = � = bT xOLS + c. ThetermsbT andc arethethird row
of theobservationmatrixM in Eqn.10 implying that� = 1

N

P N
k=1 I t

k (I x
k u + I y

k v +
I t

k ). The form of � is also intuitively satisfying.Informally speaking,it represents
a measureof `texturedness'in the temporaldirection implying that as the temporal
derivativesgrow in magnitude,theLucas-Kanademethodintroducesa greateramount
of bias.It is well known thatwhile theTLS solutionis unbiased,comparedto theOLS
solution,the TLS hasgreatervariance.In this context, the in�uence of the patchsize
on � is informative. When the patchsize (N ) is small, � is large implying that our
solutionintroducesa biasto reducethevarianceof thesolution.Conversely, whenthe
patchsizeis large,� is smallimplying thatoursolutionis closerto theTLS estimateas
desired.Thusour formulationcannaturallycapturethecorrectrepresentationrequired
for accurate�o w estimationandalsoexplainsthebehaviour of Lucas-KanadeandTLS
algorithms.

3.2 Af�ne Flow

While theconstant�o w modelis simpleto implement,its accuracy is inherentlylim-
itedas�o w �elds areseldomcloseto apiece-wiseconstantmodel.A moreappropriate
assumptionis that of an af�ne model.An af�ne �o w �eld is describedby

�
u v

� T
=

A
�

x y
� T

+
�

tx ty
� T

where(u; v) is the �o w at position(x; y) andA is a 2 � 2 ma-
trix. Theaf�ne modelhasbeenusedto estimateoptical�o w in [13–15].While theTLS
estimatoris unbiasedit hasa highervariancethantheOLS solution.This implies that
for smallimagepatches,with few equationstheLucas-Kanadesolutionis preferableto
theTLS solution.Howeveraswenotedin theprevioussubsection,whenwehavemany
equationsthe TLS solution is preferableto the biasedOLS estimate.In general,the
af�ne �o w modelis estimatedfor patcheslarger thanthosefor constant�o w sincewe
needmany moreequationsto reliably estimatethesix parametersof theaf�ne model.
This implies that in our probabilisticmodel,theprior haslittle in�uence on af�ne es-
timation andcanbe neglectedin our analysishere.By re-writing the optical �o w in
homogeneousco-ordinateswehavef = Pa, whereP representstermsrelatingto pixel
position(x; y) anda is the vectorisedrepresentationfor the af�ne parameters.Using
this form in theprobabilitymodelof Eqn.6 wehave



P(f lowjpatch) = max
model

Y

k

e� 1
2 � 2

f T M k f

f T f

) P(ajpatch) = max
a

Y

k

e
� 1

2 � 2
( P k a ) T M k P k a

( P k a ) T P k a

) a = argmin
a

X

k

aT P k
T M k P k a

aT P k
T P k a

(10)

Thustheproblemof estimatingtheaf�ne parametersis reducedto theminimisationof
a sumof Rayleighquotients3. This particularquotientform occursfrequentlyin com-
putervision problemslike ellipse�tting etc.anda signi�cant body of work hasbeen
devotedto its minimisation.In our solutionfor theaf�ne parameterswe usetheFirst-
OrderRenormalisationof [19].

3.3 Performanceof Af�ne Flow Estimation

In thissubsectionweevaluateouraf�ne �o w estimationschemeusingthestandardim-
agesequencesof Barronet al [1]. All experimentsareperformedwith a �x ed setof
parameters.Eachimagesequenceis smoothedusinga separableGaussiankernelwith
uniform spatialandtemporalstandarddeviation of 1:4 pixels. The derivative �lter is
the series-design�lter usedin [18]. Apart from the imagederivative �lter the patch
sizeis animportantparameterthatin�uencesperformanceby determiningthetrade-off
betweenestimationaccuracy (requiringlargepatches)andresolution(requiringsmall
patches).Throughoutour experimentswe usea constantpatchsizeof 31 � 31 pixels
andestimatetheaf�ne �o w for suchpatcheswith a shift of 5 pixels in eachdirection.
Thuseachpixel is presentin multiplepatchesandthe�o w estimateis theaverageover
all patchestimates.Wetabulateourresultsin Tables1- 4.Theerrormeasureis identical
to thatof [1] andcanbeseento measuretheanglebetweenthenormalisedvolume-�ow
representationsof thegroundtruth andtheestimate.Theerrorvaluesfor the �rst four
methodsaretaken from [1]. As canbe easilyobserved, our algorithmperformsvery
well with respectto theotherprocedures.In particular, we point out thatour accuracy
is achieved without the useof any adaptive schemes.Also the standarddeviation of
our errorvaluesaresigni�cantly smallercomparedto othermethods.For theYosemite
sequence,we notethat in comparisonwith the adaptive schemeof [4], our estimator
hasalmostthesameperformance(errorof 1:16� comparedto 1:14� ) whereasourstan-
dard deviation is signi�cantly smaller(1:17� comparedto 2:14� ). While, the results
of [5] on theYosemitesequencearesuperiorto ours,we reiteratethatourperformance
is achieved by focusingon the representationof the brightnessconstraintandnot on

3 In [18], theauthorsusealgebraicargumentsto approximatetheabove objective functionasa
singleratio of quadraticformswherethenumeratoris anaverageover thepatchfor theterms
P T M P andthedenominatoris heldto beP T P for agivenpixel co-ordinates(x; y).



sophisticatednumericalminimisers.In summary, wenotethatourprobabilityrepresen-
tation is powerful andeven a straight-forward applicationof this modeloutperforms
almostall other �o w estimators.Otherre�nementslike robustness,adaptive patches,
andmoreaccurateminimiserscanbeexpectedto furtherimprove our results.

Method Error (in � ) Density
� �

Lucas-Kanade2.47 0.16 100%
Horn-Schunck2.55 0.59 100%
Fleet-Jepson 0.03 0.01 100%
Urasetal. 2.59 0.71 100%
Farneback[20] 0.74 0.03 100%
Liu etal. [18] 0.31 0.05 100%

Our method 0.09 0.03 100%

Table1. SinusoidSequenceResults

Method Error (in � ) Density
� �

Lucas-Kanade0.66 0.67 39.8%
Horn-Schunck2.02 2.27 100%
Fleet-Jepson 0.32 0.38 74.5%
Urasetal. 0.62 0.52 100%
Farneback[20] 0.62 1.99 100%
Liu etal. [18] 0.20 0.62 100%

Our method 0.15 0.10 100%
Table2. TranslatingTreeResults

Method Error (in � ) Density
� �

Lucas-Kanade1.94 2.06 48.2%
Horn-Schunck2.55 3.67 100%
Fleet-Jepson 0.99 0.78 61.0%
Urasetal. 4.64 3.48 100%
Farneback[20] 0.75 0.69 100%
Liu etal. [18] 0.65 1.73 100%

Our method 0.51 0.21 100%
Table3. DivergingTreeResults

Method Error (in � ) Density
� �

Lucas-Kanade(� 2 � 1:0) 3.21 5.34 39.5%
Horn-Schunck 3.68 4.90 100%
Urasetal. 6.47 9.48 84.6%
Memin-Perez[7] 1.58 1.21 100%
Weickert etal. [6] 1.46 * 100%
Liu etal. [18] 1.39 2.83 100%
Farneback[20] 1.40 2.57 100%
Farneback[4] 1.14 2.14 100%
Papenberg etal. [5] 0.99 1.17 100%

Our method 1.16 1.17 100%
Table4. YosemiteResults(withoutclouds)

4 Conclusions

In thispaperwehave introducedaprincipledapproachto modelingthebrightnesscon-
straint.Theresultantprobabilisticmodelis shown to bepowerful andcanbothexplain
thebehaviour of existing �o w algorithmsandsigni�cantly improve their performance.
Futurework will addressmoresophisticatedminimisationapproachesandalsotheutil-
isationof our probabilisticmodelto solve for volume-�ow in thespatio-temporalvol-
umeof imagesandfor directmotionestimationandsegmentation.

5 Acknowledgments

Thanksare due to RamaChellappafor his continuoussupportand encouragement.
YonathanWexler, David Jacobsand SameerAgarwal provided useful commentson
variousdraftsof thispaper.



References

1. Barron,J.,Fleet,D., Beauchemin,S.: Performanceof optical�o w techniques.International
Journalof ComputerVision12 (1994)43–77

2. Horn,B., Schunck,B.: Determiningoptical�o w. Arti�cial Intelligence17 (1981)185–203
3. Lucas,B., Kanade,T.: An iterative imageregistrationtechniquewith anapplicationto stereo

vision. In: Proc.of DARPA Workshop.(1981)121–130
4. Farneback,G.: Very high accuracy velocity estimationusingorientationtensors,parametric

motion,andsimultaneoussegmentationof themotion�eld. In: Proc.InternationalConf.on
ComputerVision.Volume1. (2001)77–80

5. Papenberg, N., Bruhn, A., Brox, T., Didas, S., Weickert, J.: Highly accurateoptic �o w
computationwith theoreticallyjusti�ed warping. InternationalJournalof ComputerVision
(to appear)

6. Bruhn,A., Weickert, J., Schnorr, C.: Lucas/kanademeetshorn/schunck:Combininglocal
andglobaloptic �o w methods.InternationalJournalof ComputerVision61(2005)211–231

7. Memin, E., Perez,P.: Hierarchicalestimationand segmentationof densemotion �elds.
InternationalJournalof ComputerVision46 (2002)129–155

8. Weber, J.,Malik, J.: Robustcomputationof optical-�ow in a multiscaledifferentialframe-
work. InternationalJournalof ComputerVision14 (1995)67–81

9. Nestares,O., Fleet,D., Heeger, D.: Likelihoodfunctionsandcon�denceboundsfor total-
least-squaresproblems.In: Proc.of IEEE Conf. on ComputerVision andPatternRecogni-
tion. (2000)I: 523–530

10. WangS.,Markandey V.,R.A.: Totalleastsquares�tting spatiotemporalderivativestosmooth
optical�o w �eld. In: Proc.of theSPIE:SignalandDataprocessingof SmallTargets.Volume
1698.(1992)42–55

11. Weiss,Y., Fleet,D.J.:Velocity likelihoodsin biologicalandmachinevision. In: Probabilistic
Modelsof theBrain:PerceptionandNeuralFunction.MIT Press(2002)77–96

12. Simoncelli,E.P., Adelson,E.H., Heeger, D.J.: Probabilitydistributionsof optical �o w. In:
Proc.IEEEConf.ComputerVisionandPatternRecognition.(1991)310–315

13. Bergen,J.,Anandan,P., Hanna,K., Hingorani,R.: Hierarchicalmodel-basedmotionestima-
tion. In: Proc.of EuropeanConferenceonComputerVision.(1992)237–252

14. Wang,J., Adelson,E.: Representingmoving imageswith layers. IEEE Transactionson
ImageProcessing3 (1994)625–638

15. Ju,S., Black, M., Jepson,A.: Skin andbones:Multi-layer, locally af�ne, optical �o w and
regularizationwith transparency. In: IEEE Conf.on ComputerVision andPatternRecogni-
tion. (1996)307–314

16. VanHuffel, S.,Vandewalle, J.: TheTotal LeastSquaresProblem: ComputationalAspects
andAnalysis.SIAM (1991)

17. Golub,G.H., Hansen,P.C., O'Leary, D.P.: Tikhonov regularizationandtotal leastsquares.
SIAM JournalonMatrix AnalysisandApplications21 (1999)185–194

18. Liu, H., Chellappa,R.,Rosenfeld,A.: Accuratedenseoptical�o w estimationusingadaptive
structuretensorsandaparametricmodel.IEEETransactionsonImageProcessing12(2003)
1170–1180

19. Chojnacki,W., Brooks,M., vandenHengel,A.: Rationalisingtherenormalisationmethod
of kanatani.Journalof MathematicalImagingandVision14 (2001)21–38

20. Farneback,G.: Fastandaccuratemotionestimationusingorientationtensorsandparametric
motionmodels.In: Proc.of 15thInternationalConferenceonPatternRecognition.Volume1.
(2000)135–139


