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ABSTRACT

Imagegradientsform powerful cuesin a host of vision
andgraphicsapplications.In this paper we considermulti-
ple views of atexturedplanarsceneandconsiderthe problem
of estimatingthe scenetexture map using thesemulti-view
inputs. Modeling eachcameraview asa projectve transfor
mationof thescenewe shav thatthe problemis equivalentto
thatof studyingthe effect of noise(andthe projectve imag-
ing) on the gradient elds inducedby this texture map. We
show thatthesenoisygradient elds canbe modeledascom-
pleteobsenrersof the sceneradiance.Further the corrupting
noisecan be shavn to be additive andlinear, althoughspa-
tially varying. However, the speci ¢ form of the noiseterm
canbeexploitedto designlinearestimatorghatfusethegra-
dient elds obtainedfrom eachof the individual views. The
fusedgradient eld formsa robustestimateof the scenggra-
dientsandis usefulin mary applications.

Index Terms— Multi-view estimation, Image fusion,
Gradient elds, Imagerestoration

1. INTRODUCTION

Imaging of a scenewith a camerais well approximatedoy
a projectie transformationand an understandingf the ge-
ometryintroducedby this imagingprocesss usefulin mary
estimationproblems.In this contet, the constraintdnduced
by the projective geometrygreatlyin uencesthe choiceand
designof statisticalestimatorg1].

In this paper we study the problem of robust estima-
tion of gradient elds usinginputsfrom multiple (projectie)
views. Gradient elds play an importantrole in mary vi-
sion and graphicsapplications. Estimationof optical ow
and shaperecovery using shadinginformation, both classi-
cal vision problems,nvolve estimationusinggradient elds.
lllumination invariantimage analysisis tied heaily to the
propertiesof imagegradients[2]. The propertiesof image
gradientshave beenusedheaily in mary imageediting [3]
andfusion[4, 5] algorithms.A weaklyrelatedconcepts that
of scene- owestimation[6, 7]. Sceneo w refersto the 3D
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Fig. 1. (toprow) Cameraviews (bottom)Registeredop view
of theplaneasseenfrom eachcamera\We posethefollowing
problem:ls it possibleto constructa high resolutionimageof
the planelike the one seenin the right-camerafrom views
suchastheleft andcentercamera.

motion o w of the sceneandcanbe computedusingoptical

ow inputs from multiple views. The use of gradientsfor

imagefusionhasbeenexploredin thecontext of multi-modal
imageregistration. A distancemetric basedon Normalized
imagegradientds usedin [8] to fusemulti-modalimagesfor

medicalapplicationsIn [9], multi-spectraimagesof varying

resolutionsarefusedby minimizing the differencedetween
their gradients,and using a reconstructionto integrate the

fusedgradient eld.

Considerthe three imagesof a planar scenein Figure
1. We posethe problemof estimatingthe sceneview from
a cameralooking vertically down (or, equivalently a metric
recti cation of theimages).However, dependingon the spe-
ci ¢ orientation/placementf the camerato the plane,such
recti ed views can look quite different (seeFigure 1). In
particular we draw attentionto the way the gradientsin the
threecasesaredistorted.In this paper we studythe effect of
projective transformation®f noisy imagesand the induced
imagegradient elds. We shawv that theseimagegradients
are corruptedwith anisotropicnoisewhosestatisticsdepend
heavily onthe speci ¢ projectie transformation(andhence,
thespeci c cameraview). Finally, givenmultiple suchimage
gradient elds, eacharisingfrom a differentcameraa global
estimatecanbe computedusinglinear Itering techniques.



2. PROBLEM FORMULATION

Considera functionf : X = P? | R, characterizinghe
texture map over the planein its Euclideanframe of refer
enceX . Wedenotex = (x;y)";u = (u;v)" andx
xy; D)7 ;ev (u;v;1)T represenk andu in theirhomoge-
neouscoordinatesespectrely.

We now consideasetof C camera®bservinghis planar
scene.Giventhatthe sceneis planar we canmap pointson
the imageplaneof the camerauniquelyto the world plane.
This transformationis projective is equivalentto the metric
recti cation of the plane[10]. Eachcamerais identi ed by
aprojectionmatrix H;;i = 1;:::;C. Dening, U; = P? as
the coordinatereferenceon the imageplaneof camera, we
de ne H; asthe projective transformatiormappingU; onto
X .

Hi:X 1| U,
X 7! wv Hix 1

Whenthe imagingis perfect(continuousjn nite resolu-
tion andnoiseless)eachcameraobsenesa projective trans-
formedimageof the scenej.e, eachcameraobseresafunc-
tionalf; : U; = P2 ! R, suchthat,

fi(u) = (f H; H)(u) 2
However, imaging parametersuch as nite resolution
and sensoroise corrupt the obsenation of the functionf .
Further a hostof illumination relatedissues(cameragain,
re ectanceof thegroundplane)will modify this obseration.
We assumehat the illumination modelis known and com-
pensatedor. Allowing for noise,theimagingof f changes
asfollows.

fi(u)y=(f H; H(u)+ni(u) @)

wheren; is anoiseprocesshataccountgor thediscrepancies
including pixelation.

An immediateproblem of interestis that of estimating
f from its noisy projectve counterparts,namely fi;i =

mosaicing/restoratiomproblem, which nds usein several
applications. An alternateproblem that we would like to
consideris estimatingthe gradient eld inducedby f, as
f can then be recovered by integrating the gradient eld
appropriatelyf11].

To begin with, we canprojectf; backto theworld plane
to obtaing;.

g (x) = (fi Hi)(x) 4

From(4), we canobtainthe correspondingquationink-
ing thegradientelds of g, andf .

Hi)(x) = f(x) + (i

dg (x) = df (x) + r Hidni y=n, (x) (5)

Further practicalimaging considerationsllow usto re-
strictthebothX andU; from P2 to R2.

f (x) df df
f1(x) 01(x) doi.x dgry
fz(X) gz(X) ng;x dgz;y

Fig. 2. lllustrationof symbolsusinga syntheticexample.The
gradientimagesshov signedmagnitudesof the individual
components.The readeris instructedto usethe zoomtool
to view thepicturesbetter

With this,we cande ne H; andr H; as,

H :R?2 | R?
HI x (6)
1 1

WhereHi;Tj is thej -th row of thematrix H;. Theexpres-
sionforr H cannow bederivedusingbasicalgebra.

1 Hi 11
Hi: 21

UH;; 31
VHi;32

Hi 12
Hi: 22

UHj; 32
vH i 32
(7)
A closerlook at (5) suggestshatthegradienteld dg; is
a completeobserer of the gradient eld df . This is dueto
the invertible natureof projective imagingconsideredn the
contet of planarscenes.However, the key point to noteis
the way the noiseterm appearsn (5). Note that the noise
corruptingdg; is spatially varying given the dependencef
thematrixr H onx. However, the natureof this mixingterm
is not only point-wise but also linear We can exploit this
propertyfor recoveringdf robustly.

3. GRADIENT ESTIMATION USING MULTI-VIEW
INPUTS

Theoverall propertieof the effect of noisedependsritically
onthenatureof themixingmatrixr H;. Forexample,if r H;

haseigervaluesthatareof unequaimagnitudehennoisegets
ampli ed in anisotroy. Hence,given differentviews of the
samescene eachtop-view g; is corruptedwith noisethatis
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Fig. 3. Minimum varianceestimateof the gradient eld ob-
tainedby fusingthegradient elds inducedby f ; andf, (see
Figure?2).

not only varying spatially but is alsoanisotropic. However,
if welook atthewaythegradienteld is corruptedtheprop-
ertiesof the corruptingnoise are modi ed with a spatially
varyinglinearmatrixr H;.

Couplingthe equationarising from eachcamerawe get
thefollowing equation

2 3 2 3
dgs (x) I2
ﬁ : % = ﬁ : %df (x) + 2

dgc (x) P

r Hi(x)n1(uz)

r He(x)nc (uc)

(8)
wherel, is therank 2 identity matrix. Equation(8) provides
the basic Itering equationfor estimatingdf . The exactna-
ture of the solutiondependwn the speci ¢ propertiesof the
noise elds n;j. For our purposeswe assumethat the only
corruptingnoisesarefrom pixelationandmis-registrationer
rors. An accuratanodelof thesenoiseprocessess in general
dif cult. Toward this end, we assumethat the noiseis zeio
mean stationarywith a standardieviation of 1 pixel*.

i u 2 U E(Ni(u) = 0 EMm@m) = §

o

)

As aresult,we cansuitablymodelthis into an estimator

for thegradienteld inducedbyf by ef ciently incorporating
this informationin the fusion scheme.Underthis setting, it
is possibleto achieve a minimum varianceestimateusing a
linear estimator The minimum varianceestimatefor df (x),

denotedasdt (x), is computedas,

¥
dt (x) =

j=1

i 1) ( x)dg; (x) (10

1An errorof 1 pixel standarcieviation is a reasonabl@pproximatiorof
the pixellationerror. However, underextremeperspectie imaging,artifacts
dueto misregistrationcanbe quite severe. Sucherror canbe approximated
with a Gaussiarmodelwith highervariance,or by explivity modelingthe
misregistrationerror.

Fig. 4. (left) Groundtruth of the scalar eld f (x) (right)
Scalareld obtainedby reconstructingheminimumvariance
estimateof Figure3

where
j(x) = Hj ()r H (x) (11)
and 0 1,
X
=@ A (12)

j=1

Figure 3 shawvs the minimum varianceestimatefor the
problemdepictedn Figure2. Suchanestimatoris alsoopti-
mal (over the classof all estimators)vhenthe noiseprocess
areassumedo be Gaussian.

Further the estimatedgradient eld dt cannow beinte-
gratedto obtainan estimateof f (x) (seeFigure4). We use
the Poissonreconstructioralgorithmsdescribedin [11] for
thereconstruction.

4. RESULTS

We appliedthe proposedheory of multi-view gradientesti-
mation on the chessboardmagesshavn in Figure 1. Fig-
ures5 and6 summarizethe resultsfor this dataset.With the
exceptionof the region that is outsidethe elds of view of
the two camerasit is seenthatdt is indeeda goodapprox-
imation to the groundtruth df . The reasonfor this comes
from the speci cs of cameraplacement. The two cameras
areplacedsothateachview resohesthegradientelds accu-
rately only alongoneorientation. The fusedestimateappro-
priately weighsthe individual estimatego obtainlow vari-
anceestimatedor bothorientations.

Finally, we reconstructhe scalar eld correspondingo
the gradientestimateobtainedusingfusion. We suppresshe
falsegradientghatarisebecausef eld of view linesby as-
signingahigh varianceto thoseregions. Thisis easydone,as
the eld of view lines correspondso pixels nearthe bound-
ary of the capturedmageat eachview. Figure7 shaws the
reconstructiomesults.

Thefusionalgorithmpresentedn this paperworksunder
theassumptiorof perfectregistration,or equivalentwhenthe
errorsin registrationcanbe capturesasadditive noise. This,



however, is notnecessarilyrue, especiallywhenthe perspec-
tive distortionsaresevere. Further whenthe scenestructure
deviatessigni cantly from a plane,the errorsdueto paral-
lax (off the plane)introducesadditionalerrorsin registration.
Sucherrorsneedto be explicitly addressedand forms av-
enuedor futureresearch.

f (x) df ¢ dof
f1(x) 6(x) dgi:x dgay
fa(x) G2(X) dgz:x dgz.y

Fig. 5. Visualrepresentationsf the variouscomponentgor
the chessboardxampleof Figurel. Notethe high distortion
in dgy;y anddgyy .

5. CONCLUSION

In this paperwe shaw thatit is possibleto estimategradient
elds robustly from noisy projective transforms.The ability
to estimategradient elds robustly is usefulin mary vision
andgraphicsproblems. While we considerthe planarscene
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y

Fig. 6. Minimum varianceestimateof the gradient eld ob-
tainedby fusingthegradient elds inducedby f ; andf, (see
Figureb).

Fig. 7. (left) Groundtruth of the scalar eld f (x) (right)
Scalareld obtainedby reconstructinghe minimumvariance
estimateof Figure6

setting(therebyallowing for invertible projective transforms)
in this paper we plan on extendingthe fusion methodology
for motion eld estimationwithout ary stringentscenecon-

straints(similar to thework on sceneo w estimation).
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