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Abstract. If 3D rigid motion can be correctly estimated from image sequences, the structure of the scene can be
correctly derived using the equations for image formation. However, an error in the estimation of 3D motion will
result in the computation of a distorted version of the scene structure. Of computational interest are these regions
in space where the distortions are such that the depths become negative, because in order for the scene to be visible
it has to lie in front of the image, and thus the corresponding depth estimates have to be positive. The stability
analysis for the structure from motion problem presented in this paper investigates the optimal relationship between
the errors in the estimated translational and rotational parameters of a rigid motion that results in the estimation of
a minimum number of negative depth values. The input used is the value of the flow along some direction, which
is more general than optic flow or correspondence. For a planar retina it is shown that the optimal configuration
is achieved when the projections of the translational and rotational errors on the image plane are perpendicular.
Furthermore, the projection of the actual and the estimated translation lie on a line through the center. For a spherical
retina, given a rotational error, the optimal translation is the correct one; given a translational error, the optimal
rotational error depends both in direction and value on the actual and estimated translation as well as the scene in
view. The proofs, besides illuminating the confounding of translation and rotation in structure from motion, have
an important application to ecological optics. The same analysis provides a computational explanation of why it is
easier to estimate self-motion in the case of a spherical retina and why shape can be estimated easily in the case of
a planar retina, thus suggesting that nature’s design of compound eyes (or panoramic vision) for flying systems and
camera-type eyes for primates (and other systems that perform manipulation) is optimal.
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1. Introduction

The general problem of structure from motion is de-
fined as follows: given a number of views of a scene,
to recover the rigid transformations between the views
and the structure (shape) of the scene in view. In the
field of computational vision a lot of effort has been de-
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voted to this problem because it lies at the heart of sev-
eral applications in pose estimation, recognition, cali-
bration, and navigation (Faugeras, 1992; Horn, 1986).
For reasons related to the tractability of the exposition
and without loss of generality, we consider here the case
of differential motion for a camera moving in a static
environment with the goal of recovering the camera’s
3D rigid motion and the structure of the scene (Bruss
and Horn, 1983; Nelson and Aloimonos, 1988; Ull-
man, 1979). The problem has been traditionally treated
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in a two-step approach. The first step attempts to es-
tablish the correspondence between successive image
frames, i.e., to identify in consecutive images features
that are the projections of the same feature in the 3D
scene. Such correspondence is expressed through dis-
placement vectors or optic flow—an approximation of
the motion field which represents the projection of the
velocity field of scene points on the image. The second
step attempts to interpret this correspondence or flow
field and recover 3D motion and structure.

During the Eighties, questions related to the unique-
ness of solutions were answered for both the discrete
case of point matches (Longuet-Higgins, 1981; Tsai
and Huang, 1984), and the differential case Longuet-
Higgins, 1980; Waxman and Wohn, 1985) of optical
flow, and closed form solutions were studied. Similar
problems were solved in the photogrammetric litera-
ture (Slama, Theurer and Henriksen, 1980). The al-
gorithms developed during this phase of research were
based on two frames (or views) and the use of point
features. A bit later, in (Spetsakis and Aloimonos,
1990), algorithms were introduced for the case of three
(or multiple) frames with the formulation of the trilin-
ear constraints and these constraints were generalized
in (Faugeras and Mourrain, 1995) using geometric al-
gebra. Also, at the same time, algorithms appeared
that made use of line correspondences (Spetsakis and
Aloimonos, 1990), as well as algorithms that used both
point and line correspondences. In the Nineties, these
results were generalized to the case of uncalibrated
cameras, a situation in which only projective (or, under
some assumptions, affine) structure can be recovered
(Åström, 1996; Faugeras, 1992b; Hartley, 1994; Koen-
derink and van Doorn, 1991).

The promise of the uniqueness studies gave rise to
an exciting quest for practical and robust algorithms
for recovering 3D structure and motion from image
sequences, but this was soon to be frustrated by high
sensitivity to noise in the input used (optic flow or cor-
respondence). While many solutions have been pro-
posed, they become problematic in the case of realistic
scenes and most of them degrade ungracefully as the
quality of the input deteriorates. This has motivated re-
search on the stability of the problem; (Daniilidis and
Spetsakis, 1996) contains an excellent survey of exist-
ing error analyses. We will discuss the most important
results in Section 3 in more technical detail after some
mathematical prerequisites are given in Section 2. In
summary, it can be concluded that the majority of the

existing analyses attempt to model the errors in either
the 3D motion estimates or the depth estimates, and
due to the large number of unknowns in the problem,
they deal with restricted conditions such as planarity of
the scene in view or non-biasedness of the estimators.
Notably absent in published efforts is an account of the
systematic nature of the errors in the depth estimates
due to errors in the 3D motion estimates. Put in differ-
ent terms, there exists an interplay between 3D motion
and depth. In existing approaches, however, the highly
correlated nature of the depth errors at different im-
age locations, due to 3D motion errors, is not reflected
adequately. Furthermore, all analyses are based on
the two-step approach, analyzing the estimation of 3D
motion from noise-contaminated optic flow or corre-
spondence. However, as has been shown in previous
work, the estimation of 3D motion does not necessar-
ily require the prior computation of exact correspon-
dence ( Ferm¨uller and Aloimonos, 1995; Ferm¨uller
and Aloimonos, 1986). Flow measurements, or even
their signs, along some direction in the image, such
as—for example—the one provided by the spatial gra-
dient, are sufficient for recovering 3D motion (Brodsky,
1998). Such measurements can be computed by even
the simplest systems—biological or artificial—using,
for example, Reichardt detectors or equivalent energy
models (Poggio and Reichardt, 1973; Reichardt, 1961;
Reichardt, 1987; van Santen and Sperling, 1984).

In this paper an approach that is independent of any
algorithm or estimator is taken. Due to the geometry
of image formation any spatiotemporal representation
in the image is due to the 3D motion and the structure
of the scene in view. If the 3D motion can be estimated
correctly, the structure can be derived correctly using
the equations of image formation. However, an error
in the estimation of the 3D motion will result in the
computation of a distorted version of the actual scene
structure. Of computational interest are those regions
in space where the distortions are such that the depths
become negative. Not considering any scene interpre-
tation the only fact we know about the scene is that for
it to be visible it has to lie in front of the image and thus
the corresponding depth estimates have to be positive.
Therefore the number of image points whose corre-
sponding scene points would yield negative values due
to erroneous 3D motion estimation should be kept as
small as possible. This is the computational principle
behind the error analysis presented in this paper. We
are interested in the relationship of the errors in the
translational and rotational components of the motion
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for the purpose of understanding its impact on the de-
sign of optimal 3D motion estimation algorithms. In
particular, assuming there is an error in the estimation
of the rotational (translational) motion components, we
ask what the error in the translational (rotational) com-
ponents is that leads to a minimization of the negative
depth values computed, and how structure from motion
algorithms are affected by these error configurations.
The analysis is carried out for a complete field of view
as perceived by an imaging sphere, and for a restricted
field of view on a constrained image plane.

2. Overview and Problem Statement

2.1. Prerequisites

We consider an observer moving rigidly with trans-
lation t = (U, V,W ) and rotationω = (α, β, γ)
in a stationary environment. Thus each scene point
R = (X,Y, Z) measured with respect to a coordinate
systemOXY Z fixed to the camera’s nodal pointO has
a velocityṘ = −t−ω×R relative to the camera. The
image formation is based on perspective projection.

If the image is formed on a plane orthogonal to the
Z axis at distancef from the nodal point (see Fig. 1)
the image pointsr = (x, y, f) are related to the scene
pointsR through equation

r =
f

R · z0
R

with z0 a unit vector in the direction of theZ axis and
“ ·” denoting the inner product. Thus, the 2D image
velocity amounts to

ṙ =
vtr(r)
Z

+ vrot(r) = − 1
Z

(z0 × (t× r))

+
1
f

(z0 × (r× (ω × r)))

(1)
wherevtr(r)

Z andvrot(r) are the translational and rota-
tional flow components respectively andZ = R · z0.

Similarly, if the image is formed on a sphere of radius
f (i.e.,r · r = f2) (see Fig. 2), the imager = (x, y, z)
of any pointR is

r =
Rf
|R|

with |R| being the norm ofR and denoting the range;
thus the 2D image motion is

ṙ =
vtr(r)
|R| +vrot(r) = − 1

|R|f (r× (t× r))−ω×r

(2)
The component of the flowun along any directionn is
therefore

un = ṙ · n = vtr
Z · n + vrot · n

or un = ṙ · n = vtr
|R| · n + vrot · n (3)

As can be seen from (1) and (2), the effects of trans-
lation and scene structure cannot be disentangled and
thus we can only obtain the direction of translation
t/|t| and the depth (range) of the scene up to a scaling

factor, that isZ|t|

(
|R|
|t|

)
. For the sake of simplicity, we

will assumet to be of length 1 and we will no longer
mention the scaling in the computation of structure.

2.2. Previous work

It is in general a very hard task to develop analytical
results about the stability or error sensitivity of struc-
ture from motion. This is due to the nonlinearities and
the large number of parameters that are involved. As a
result a fair number of observations and intuitive argu-
ments have been developed by a multitude of authors
over the years. Most important, a small number of
studies have given rise to three crisp results regarding

ω = (α ,β ,γ )

t = (U,V ,W)

FOE
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Fig. 1. Image formation under perspective projection on a planar
retina: The instantaneous rigid motion is described through a trans-
lation t = (U, V,W ) and a rotationω = (α, β, γ). The focus
of expansion (FOE), given by( U

W
f, V
W
f), denotes the direction of

translation, and the AOR (axis of rotation point), given by(α
γ
f, β
γ
f),

denotes the intersection of the rotation axis and the image.
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noise sensitivity in structure from motion (Daniilidis
and Spetsakis, 1996).These are:

(a) A translation can be easily confounded with a ro-
tation in the case of a small field of view under the
assumption of lateral motion and insufficient vari-
ation of depth (Adiv, 1989; Daniilidis, 1992).More
precisely, translation along thex axis can be con-
fused with rotation around they axis and transla-
tion along they axis with rotation around thex
axis. Evidence for this result can be obtained intu-
itively from the flow equation (1). As can be seen,
if the scene in view is a plane, then the flow be-
comes a polynomial in the retinal coordinatesx, y
with the terms(U + β, V − α) representing the
zero-order terms. A proof of this fact using tech-
niques from estimation theory has been presented
in (Daniilidis, 1992)for the case of unbiased esti-
mators.

(b) Usually 3D motion estimation is addressed by
evaluating the deviation from the epipolar con-
straint. Some error metric has to be developed
to capture the deviation and its minimization pro-
vides a solution for 3D motion and subsequently
for structure. If this metric is not appropriately
normalized, in the case of a small field of view
the translation estimate is biased toward the view-
ing direction. This can be seen directly from the
epipolar constraint. By projecting both sides of
(1) ontoz0× (z0× (t× r)) and settingf = 1, we

FOE

AOR

R

f

t

ω

O

ṙ

Fig. 2. Image formation under perspective projection on a spherical
retina.

obtain the epipolar constraint in its instantaneous
form as(t× r) · (ṙ− ω × r) = 0.
A solution coming from the minimization of∑
i((t × ri) · (ṙi − ω × ri))2 is bound to be bi-

ased, because the crossproduct(t×ri) introduces
the sine of the angle betweent andri. Thus the
minimization prefers vectorst that are close to the
center of gravity of the pointsri (Spetsakis, 1994;
Spetsakis and Aloimonos, 1988).Techniques from
statistics such as maximum likelihood estimation
(Spetsakis, 1994) or Rayleigh optimization (Spet-
sakis and Aloimonos, 1988)can be used to deal
with the bias, but they have their own problems.

(c) The third result is due to Maybank (Maybank,
1986; Maybank, 1987; Maybank, 1993) and also
Jepson (Jepson and Heeger, 1990)who showed that
in the case of a small field of view, a translation
t far away from the image points where measure-
ments are taken, and an irregular surface, the cost
function

∑
i((t × ri) · (ṙi − ω × ri))2, result-

ing from the epipolar constraint, takes its minima
along a line in the space of translation directions
which passes through the true translation and the
viewing direction. This means that the tilt of the
direction oft can be estimated more reliably than
its slant.

Insight into the instability of the motion estimation
problem is also gained from uniqueness studies. Mul-
tiple 3D-motion and scene configurations giving rise
to the same flow field (Horn, 1987; Maybank,1993) or
point correspondences (Longuet-Higgins, 1981; Tsai
and Huang, 1984) have been investigated and it has
been found that the scene in view has to correspond to
certain quadrics, the so-called ambiguity-critical sur-
faces. The study of directions of motion fields con-
ducted in (Brodsky et al, 1998)for an unbounded im-
age plane ambiguity can only occur for motion con-
figurations constrained by(t × t̂) · (ω × ω̂) = 0. In
the context of error sensitivity a perturbation analysis
has been performed in (Horn, 1990) showing that the
epipolar constraint is not affected by first-order defor-
mations of the motion parameters if the points lie on
a quadric surface with certain properties. The rela-
tionship between these instability-critical surfaces and
the ambiguity-critical surfaces has been established in
(Daniilidis, 1992; Hofmann, 1953).

Next, we study the relationship between errors in the
estimation of the 3D motion and errors in the estimation
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of the depth of the scene. This relationship is the basis
for our subsequent error analysis.

2.3. Distorted space

Based on an exact computation of the motion parame-
ters the depth (range) can be derived from (3). Let us
assume, however, there is an error in the estimation of
the five motion parameters, that is the two parameters
of the direction of translation and the three parameters
of rotation. As a consequence there will also be errors
in the estimation of depth (range) and thus a distorted
version of the space will be computed. A convenient
way to describe the distortion of space is to sketch it
through surfaces in space which are distorted by the
same multiplicative factor, the iso-distortion surfaces
(Cheong, Ferm¨uller and Aloimonos, 1998).

In the following, in order to distinguish between the
various estimates, we use letters with hat signs to rep-
resent the estimated quantities(t̂, ω̂, |R̂|, Ẑ, v̂tr, v̂rot)
and unmarked letters to represent the actual quanti-
ties(t,ω, |R|, Z,vtr,vrot). The subscript “ε” is used
to denote errors, where we defineω − ω̂ = ωε and
vrot − v̂rot = vrotε .

The estimated depth or range can be obtained from
(3) as

Ẑ (or |R̂|) =
v̂tr · n

ṙ · n− v̂rot · n

and we have on the image plane

Ẑ = Z

 −f
(
z0 ×

(
t̂× r

))
· n

−f (z0 × (t× r)) · n
+ Z (z0 × (r× (ωε × r))) · n

 (4)

and on the image sphere

|R̂| = |R| ·
( (

r×
(
t̂× r

))
· n

(r× (r× t)) · n + f |R| (ωε × r) · n

)
(5)

From (4) it can be seen that̂Z can be expressed as a
multiple of Z, where the multiplicative factor, which
we denote byD, the distortion factor, is given by the
term inside the brackets. Thus the distortion factor is

D =
−f
(
z0 ×

(
t̂× r

))
· n

−f (z0 × (t× r)) · n
+ Z (z0 × (r× (ωε × r))) · n

(6)

Similarly we can interpret the estimated range in (5) as
a multiple of the actual range with distortionD, where

D =

(
r×

(
t̂× r

))
· n

(r× (t× r)) · n + f |R| (ωε × r) · n (7)

Equations (6) and (7) describe, for any fixed direction
n and any distortion factorD, a surface in space. Any
such surface is to be understood as the locus of points in
space which are distorted in depth (range) by the same
factorD, if the corresponding image measurements are
in directionn.

It should be emphasized that the distortion of depth
also depends on the directionn of the flow measure-
ment (hereafter called the flow direction) used as basis
for the computations and therefore is different for dif-
ferent directions of flow. This means simply that if one
estimates depth from optical flow in the presence of
errors, the results can be very different, depending on
whether the horizontal, vertical, or any other compo-
nent is used. Depending on the direction, any value
between+∞ and−∞ can be obtained!

In the analysis in this paper, we are not interested in
actual 3D space, but we consider the surfaces in visual
space, that is, the space perceived under perspective
projection where the dimensions parallel to the image
are measured according to the size with which they
appear on the image.

Fig. 3a gives an example of an iso-distortion sur-
face, and Fig. 3b illustrates a family of iso-distortion
surfaces corresponding to the same gradient direction
but different distortion factorsD. The same family is
intersected with thexZ plane in Fig. 3c. In the plane
the intersections give rise to a family of contours.

As can be seen the iso-distortion surfaces of a family
intersect in a curve, and they change continuously as
we varyD. Thus all the space between the0 distortion
surface and the−∞ distortion surface (which is also
the +∞ distortion surface) is distorted by a negative
distortion factor.

2.4. Description of results

In the forthcoming sections we employ a geometric
statistical model to represent the negative depth values.
We assume that the scene in view lies within a certain
depth (range) interval between a minimum value and a
maximum value. The flow representation vectors in the
image are in different directions, and we assume some
distribution for their directions. Our focus is on the
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Fig. 3. (a) Iso-distortion surface inxyZ space. The parameters are:(x0, y0) = ( U
W
f, V
W
f) = (−50,−25), (x̂0, ŷ0) = ( Û

Ŵ
f, V̂
Ŵ
f) =

(0,−20),ωε = (αε, βε, γε) = (−0.005, 0.001, 0.003), D = 1.5, n = (1, 0), f = 500 (corresponding to a field of view of50◦).
(b) Family of iso-distortion surfaces for the same motion parameters (n = (1, 0)). (c) Corresponding iso-distortion contours in thexZ plane.

points in space which for a 3D motion estimate yield
negative depth (range) estimates.

For every directionn the points in space with neg-
ative depth estimates cover the space between the0
and−∞ distortion surface within the range covered
by the scene. Thus for every direction we obtain a
3D subspace, covering a certain volume. The sum of
all volumes for all directions, normalized by the flow
distributions considered, represents a measure of the
likelihood that negative depth values occur. We call
it the “negative depth volume” or “negative range vol-
ume.” The idea behind our error analysis lies in the
minimization of this negative depth (range) volume—
that is, we are interested in the relationship between
the translational and rotational motion errors that min-
imizes this volume.

In our analysis we do not want to make any particular
scene-related assumptions favoring particular orienta-
tions or depth values. We wish to treat all depth values
and flow directions as having equal importance. To be
more precise, we assume that the flow directions are
uniformly distributed in every direction and at every
depth (range) between a minimum valueZmin(|Rmin|)
and a maximum valueZmax(|Rmax|). We do not wish
to assume any particular distribution for the noise in
the flow measurements. Therefore, we do not consider
any noise in the measurements. The underlying idea is
that noise which is of no particular bias does not change
the qualitative characteristics of the function resulting
from the minimization of negative depth values. Thus,
one can view our analysis as a geometric investigation

of the inherent confounding of translation and rotation,
which is the reason behind the instability in structure
from motion.

In summary, as an answer to the question about the
coupling of motion errors, the following results are
obtained:

(a) If we take the whole sphere as the imaging sur-
face and we assume an error in the estimation of
rotation, then the direction of translation that min-
imizes the negative depth volume is the correct
direction of translation.
The practical implication of this result is that 3D
motion estimation is most easily accomplished for
a complete field of view, as provided by an imaging
sphere. A working system (biological or artificial)
is usually equipped with an inertial sensor which
provides rotational information, though probably
with some error. On the basis of this information,
the best one can do to estimate the remaining trans-
lation is to assume that the flow field obtained by
subtracting the estimated rotation is purely trans-
lational and apply a simple algorithm designed
for only translation (Aloimonos and Duric, 1994;
Horn and Weldon, Jr., 1988; Negahdaripour, 1986;
Sinclair, Blake and Murray, 1994).
Such algorithms, if based only on the constraint
that the depth is positive, are formulated basically
as constrained minimization problems. The un-
derlying idea is illustrated in Fig. 4. Assuming
the observer is approaching the scene, the exact
2D motion vector at every point is away from the
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FOE (the point where the translation axis pierces
the image). Therefore, knowing the projectionun
of the flow vector on some directionn, we know
the FOE is to be found in the shaded half-plane
defined by lineε. Thus the estimation of the trans-
lational direction can be implemented by simply
voting for a half-plane at every point. The best so-
lution corresponds to the location with the highest
number of votes.
Estimation of purely translational motion is much
simpler than estimation of complete 3D rigid
motion, which requires techniques that decouple
the translation from the rotation in some way,
and if designed on the basis of the constraint of
positive depth, require voting in higher dimen-
sions (Ferm¨uller and Aloimonos, 1995; Ferm¨uller
and Aloimonos, 1995; Ferm¨uller and Aloimonos,
1997).
As demonstrated in the forthcoming analysis,
however, a simple algorithm designed for trans-
lation only will find the correct solution. Thus
insects with spherical eyes, such as bees and flies,
have a big advantage in the task of 3D motion es-
timation.

(b) On the other hand, if we assume a certain error in
the estimation of translation on a spherical image,
the vector of the rotational errorωε lies in differ-
ent directions on the sphere, whose exact value not
only depends on the actual and estimated transla-
tion, but also on the range of the scene in view.
However, if an estimate of translation is available,
the estimation of rotation (which does not depend
on depth) on the basis of negative depth, is algo-
rithmically not meaningful. Thus, for the purpose
of analyzing 3D motion estimation algorithms this
error configuration is of no interest and will not be
further investigated. We will, however, investi-
gate it for the planar retina, because in this case it
provides insights about global optimization algo-

un ε

FOE area
ut

ε 2

Fig. 4. The translational flow vectorut has its tip anywhere along
the lineε2. The focus of expansion lies on the (shaded) half plane
defined by the lineε that does not contain possible vectorsut.

rithms (simultaneous estimation of all 3D motion
parameters) as well as shape estimation.

(c) Considering as imaging surface a plane of limited
extent, we find that the translational and rotational
errors are perpendicular to each other. Using the

notationUfW −
Ûf

Ŵ
= x0ε andV fW −

V̂ f

Ŵ
= y0ε , this

means thatx0ε
y0ε

= − βε
αε

. If we fix the rotational

error(αε, βε, γε), this provides us with a constraint
on the direction of the translational error.

(d) If we fix the translational error(x0ε , y0ε) we obtain
the same constraint, and in addition we find that
γε = 0. Furthermore, if we fix only the amount
of translational error

√
x0ε

2 + y0ε
2, we find that

the actual and estimated FOE lie on a line passing
through the image center, that is,x0

y0
= x̂0

ŷ0
.

The results developed in this paper have a clear
relationship with those of existing error analyses as
described in Section 2.2, with the exception of the
bias of translation towards the viewing direction,
since this result has been obtained on the basis of
particular minimization functions.
Regarding the confusion between translation and
rotation, it has been experimentally observed and
proven for simple scene structures, restricted fields
of view, and certain estimation techniques using
particular statistical estimators, that the translation
along thex axis is coupled with rotation around
they axis and that the translation along they axis
is coupled with rotation around thex axis. Our
results are in accordance with these findings. In
addition, we show that for the minimization stud-
ied here, the confusions betweenx-translation and
y-rotation andy-translation andx-rotation are not
decoupled, and that the rotation around theZ axis
is estimated most easily.
The results regarding the preference for estima-
tion of translations whose projections lie on a line
through the center and the actual projection of
translation are consistent with those found in (Jep-
son and Heeger, 1990; Maybank, 1986). Here it
is shown that in general for a limited field of view,
there exists such a bias which previously has been
proven for translation directions far away from the
image points where measurements are taken on the
basis of a cost function resulting from the epipolar
constraint.
The importance of the results obtained for the
plane also lies in their consequences for shape esti-
mation. They can be translated into the statement
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that planar retinas are advantageous in the com-
putation of shape. As will be shown in Section 5,
if x0ε

y0ε
= − βε

αε
= x0

y0
, andγε = 0, a depth map

can be derived such that all scene points of the
same depth are distorted by the same factor. Thus
the level contours of the depth map are the correct
ones!

3. Analysis on the Sphere

The following analysis considers a fixed rotational er-
ror. We need a parameterization for expressing all pos-
sible orientationsn tangent to the sphere at every point.
One way to achieve this that is convenient for our prob-
lem is through the selection of unit vectors of an arbi-
trary plane. Given a unit vectors, at each pointr of the
sphere, the vectors×r

|s×r| defines a direction at the tan-

gent plane. Ass varies along half a great circle,s×r
|s×r|

takes on every possible orientation in the tangent plane
at every pointr with the exception of the set of pointsr
lying on the great circle ofs, which is of measure zero.
To facilitate the analysis, we chooses perpendicular to
ωε.

As shown in Fig. 5, letωε be parallel to thex axis
and lets be the set of all the unit vectors in theyz
plane withs = (0, sinχ, cosχ) andχ in the interval
[0 . . . π]. The flow directionsn at every point are de-
fined asn = s×r

|s×r| . This parameterization, however,
does not treat all orientations equally (ass varies along
a great circle with constant speed,s×r accelerates and
decelerates). In order to obtain a uniform distribution
we must perform some normalization. Luckily, how-
ever, this normalization does not complicate matters in
the following proof because, due to symmetry, its be-
havior with regard to monotonicity is the same as the
one of the volumes of negative range for the functions
considered.

We assume a uniform distribution for the directions
n. Thus, in order to obtain the negative range vol-
umeVn, we have to integrate the individual volumes
in each direction over all directions. Ifψ ∈ [0, π] pro-
vides a uniform parameterization forn, as given in the
appendix,V (ψ) is the volume for a single direction
n(ψ), andχ is the parameterization forn as defined
above, the following transformation applies:

Vn =
∫ π

0

V (ψ) dψ =
∫ g−1(π)

g−1(0)

V (g(χ))
∣∣∣∣∂g(χ)
∂χ

∣∣∣∣ dχ

whereψ = g(χ). For this parameterization the nor-
malization term is∣∣∣∣∂g(χ)

∂χ

∣∣∣∣ =
∣∣∣∣ sinϕy
cos(ϕy)2 cos(χ− ϕx)2 − 1

∣∣∣∣ (8)

whereϕy is the angle between vectorr and theyz
plane, andϕx is the angle between the projection ofr
on theyz plane and the positivey-coordinate axis. A
derivation is given in the appendix.

Our focus is on the points in space with estimated
negative range values|R̂|. Sincen = s×r

|s×r| ands·ωε =
0, we obtain from (5), by settingf = 1,∣∣∣R̂∣∣∣ = |R|

(
t̂× s

)
· r

(t× s) · r− |R| (ωε · r) (s · r)
< 0 (9)

From this inequality the following constraint on|R|
can be derived:

sgn
((

t̂× s
)
· r
)

= −sgn ((t× s) · r− |R| (ωε · r) (s · r)) (10)

At any pointr in the image this constraint is either
satisfied for all values|R|, or it is satisfied for an inter-
val of values|R| bounded from either above or below,
or it is not satisfied for any value at all. Thus, inequality
(9) provides a classification for the points on the sphere,
and we obtain four different kinds of areas (types I–IV).
The locations of these areas are defined by the signs of

s

z

x

y
ωε

r
n

Fig. 5. Parameterization used in the analysis:ωε = λ(1, 0, 0),
s = (0, sinχ, cosχ) with χ ∈ [0 . . . π], n = s×r

|s×r| .
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z

x

y

r

x

y

Fig. 6. Parameterization ofr: ϕy is the angle betweenr and the
yz plane;ϕx is the angle between the projectionr on theyz plane
and the positivey-coordinate axis.

Table 1.

area location constraint on|R|

I
sgn ((t× s) · r)

= sgn
( (

t̂× s
)
· r
)

= sgn ((r · ωε) (r · s))
|R| > (t× s) · r

(r · ωε)(r · s)

II
−sgn ((t× s) · r)

= sgn
( (

t̂× s
)
· r
)

= sgn ((r · ωε) (r · s))
all |R|

III
sgn ((t× s) · r)

= −sgn
( (

t̂× s
)
· r
)

= sgn ((r · ωε) (r · s))
|R| < (t× s) · r

(r · ωε)(r · s)

IV
sgn ((t× s) · r)

= sgn
( (

t̂× s
)
· r
)

= −sgn ((r · ωε) (r · s))
none

the functions(t̂× s) · r, (t× s) · r and(ωε · r)(s · r),
as summarized in Table 1.

Thus for any directionn defined by a certains, we
obtain a volume of negative range values consisting of
the volumes above areas I, II, and III. An illustration
for both hemispheres is given in Fig. 7. As can be seen,
areas II and III cover the same amount of area, which
has the size of the area between the two great circles
(t × s) · r = 0 and(t̂ × s) · r = 0, and area I covers
a hemisphere minus the area between(t × s) · r = 0
and(t̂× s) · r = 0.

If the scene in view is unbounded, that is,|R| ∈
[0 . . .∞], there is a range of values|R| above any point
r in areas I and III which results in negative range
estimates. If we consider a lower bound|Rmin| 6=
0 and an upper bound|Rmax| 6= ∞, we obtain two
additional curvesCmin andCmax with Cmin = (t ×
s) · r−|Rmin| (ωε · r)(s · r) = 0 andCmax = (t× s) ·
r−|Rmax| (ωε · r)(s · r) = 0 as bounds for areas with
negative range values (as shown in Fig. 7). As can be

s

Cmin

Cmax I

0

IV III

I

t̂

II
IV

t

s

Cmin

Cmax

I

0

IV
IIII

II
IV

t

t̂

Fig. 7. Classification of image points according to constraints on
|R|. At Cmin andCmax, |R| is constrained to be greater (area I)
or smaller (area III) than|Rmin| or |Rmax|. The two hemispheres
correspond to the front of the sphere and the back of the sphere, both
as seen from the front of the sphere.
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seen, the curvesCmin = 0, Cmax = 0, (t× s) · r = 0
and(ωε · r)(s · r) = 0 intersect at the same point.

In area I, we do not obtain any volume of nega-
tive range estimates for pointsr between the curves
(ωε · r)(s · r) = 0 andCmax = 0; the volume for
pointsr betweenCmin = 0 andCmax = 0 is bounded
from below by|R| = (t×s)·r

(ωε·r)(s·r) (and from above by
|Rmax|) and the volume for pointsr betweenCmin = 0
and(t × s) · r = 0 extends from|Rmin| to |Rmax|.
In area III we do not obtain any volume for pointsr
between(t×s) ·r = 0 andCmin = 0. The volume for
pointsr betweenCmin = 0 andCmax = 0 is bounded
from above by|R| = (t×s)·r

(ωε·r)(s·r) (and from below by
|Rmin|) and the volume for pointsr betweenCmax = 0
and(ωε · r)(s · r) = 0 extends from|Rmin| to |Rmax|.

We are givenωε andt, and we are interested in̂t,
which minimizes the negative range volume. For any
s the corresponding negative range volume becomes
smallest ift̂ is on the great circle oft ands, that is,
(t× s) · t̂ = 0, as will be shown next.

Assume that the scene in view is unbounded, i.e.,
|R| ∈ [0, . . . ,∞]. ThenCmin = (t × s) · r = 0 and
Cmax = (ωε · r)(s · r) = 0. Let us consider ât such
that (t × s) · t̂ 6= 0 (i.e., t̂ does not lie on the great
circle defined byt ands) and let us changêt such that
(t× s) · t̂ = 0. As t̂ changes, the area of type II on the
sphere becomes an area of type IV and the area of type
III becomes an area of type I. Thus, the negative range
volume obtained consists only of range values above
areas of type I.

Let us use the following notation.AIII−I denotes
the area which changes from type III to type I andVIII
andVI(III) are the volumes before and after change.
Similarly, AII−IV denotes the area which changes
from type II to type IV andVII andVIV are the corre-
sponding volumes.

The change of̂t does not have any effect on the
volumes above the areas that did not change in type,
as can be seen from the constraint on|R| in Table
1. However, the change of̂t causes a change in the
volume above the areas which changed in type. As can
be seen from (8), the normalization term is the same for
pointsr1(ϕx1 , ϕy1) andr2(ϕx2 , ϕy2) symmetric with
respect to the great circles ·r = 0, becauseϕy1 = ϕy2

andϕx1 + ϕx2 = 2kπ with k ∈ N, which means
that we encounter the same normalization factors in
areasAIII−I andAII−IV . As t̂ changes, there is a
decrease of the negative depth volume byVII + VIII

and an increase byVI(III), but VII is always greater
thanVI(III) and thus the overall volume decreases.

Next, assume the scene in view to be bounded. As
can easily be understood, independent of the range of
values in which the scene lies, the volume of negative
range values for anys is smallest for(t × s) · t̂ = 0.
If we assume an upper bound|Rmax| 6=∞, or a lower
bound|Rmin| 6= 0, or both bounds on the scene in view,
there exist pointsr in areas I and III above which there
are no range values which contribute to the negative
range volume. However as shown before, since the
curvesCmin = 0, Cmax = 0, (ωε · r)(s · r) = 0 and
(t × s) · r = 0 intersect at the same point,VII must
always be larger thanVI(III).

For anys the smallest volume is obtained fors, t,
and t̂ lying on a great circle. Therefore, in order to
minimize the total negative range volumeVn, we must
havet = t̂.

Thus, in summary, we have shown that for any given
rotational errorωε the negative range volume is small-
est if the direction of the actual translation and the es-
timated translation coincide, that is,t = t̂.

4. The Planar Case

Let us express (4) in the more common component
notation: ṙ = (ṙ1, ṙ2, ṙ3). ṙ3 is zero. If we denote
ṙ1 by u andṙ2 by v and express the coordinates of the
focus of expansion as(x0, y0) = (UfW , V fW ) we obtain
the well-known equations

u =
utr

Z
+ urot

= (x− x0)
W

Z
+ α

xy

f
− β

(
x2

f
+ f

)
+ γy

v =
vtr

Z
+ vrot

= (y − y0)
W

Z
+ α

(
y2

f
+ f

)
− β xy

f
− γx

(11)
Since, due to the scaling ambiguity, only the direction
of translation can possibly be obtained, we setW = 1
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andŴ = 1, and obtain from (7)

Ẑ = Z



(x− x̂0)nx + (y − ŷ0)ny
(x− x0)nx + (y − y0)ny

+ Z
((
αε

xy
f − βε

(
x2

f + f
)

+ γεy
)
nx +

(
αε

(
y2

f + f
)

− βε
xy
f − γεx

)
ny

)


(12)

wherenx andny denote the components ofn in thex
andy directions.

In the following analysis, we assume that the FOE
and the estimated FOE are within the image. We do
not consider the exact effects resulting from volumes
of negative depth in different directions being outside
the field of view. We also perform some simplifica-
tion: For a limited field of view, the terms quadratic in
the image coordinates, which appear in the rotational
components, are small with respect to the linear and
constant terms, and we therefore drop them.

The0 distortion surface thus becomes

(x− x̂0)nx + (y − ŷ0)ny = 0 (13)

and the−∞ distortion surface takes the form

(x− x0)nx + (y − y0)ny + Z((−βεf + γεy)nx
+(αεf − γεx)ny) = 0

(14)
The flow directions(nx, ny) can alternatively be writ-
ten as(cosψ, sinψ), withψ ∈ [0, π] denoting the angle
between[nx, ny]T and thex axis.

To simplify the visualization of the volumes of neg-
ative depth in different directions, we perform the fol-
lowing coordinate transformation to align the flow di-
rection with thex axis: for everyψ we rotate the coor-
dinate system by angleψ, to obtain the new coordinates

[x′, y′]T = R[x, y]T , [x0
′, y0

′]T = R[x0, y0]T

[x̂′0, ŷ
′
0]T = R[x̂0, ŷ0]T , [αε′, βε′]T = R[αε, βε]T

whereR =
[

cosψ sinψ
− sinψ cosψ

]
.

Equations (13) and (14) thus become

(x′ − x̂′0) = 0
and (x′ − x0

′) + Z
(
−βε′f + γεy

′) = 0

4.1. Relationship between the translational and ro-
tational errors

In the following proof we first consider the case of
γε = 0 and we then study the general case.

Part 1 (γε = 0). If γε = 0, the volume of negative
depth values for every directionψ lies between the
surfaces

(x′ − x̂′0) = 0 and (x′ − x0
′)− βε′fZ = 0

Equation(x′ − x̂′0) = 0 describes a plane parallel
to they′Z plane at distancêx′0 from the origin, and
equation(x′ − x0

′) − βε
′fZ = 0 describes a plane

parallel to they′ axis of slope 1
βε′f

, which intersects
thex′y′ plane in thex′ coordinatex0

′. Thus we obtain
a wedge-shaped volume parallel to they′ axis. Fig. 8
illustrates the volume through a slice parallel to thex′Z
plane and Fig. 9 gives an illustration of this volume in
space.

The scene in view extends between the depth values
Zmin andZmax. The−∞ distortion surface intersects
the planesZ = Zmax andZ = Zmin in thex′ coordi-
natesx0

′+βε
′fZmax andx0

′+βε
′fZmin. We denote

asAψ the area of the cross section parallel to thex′Z
plane through the negative depth volume in direction
ψ.

If x0
′ lies betweenx0

′+β′εfZmin andx0
′+β′εfZmax

Aψ =

∣∣∣∣∣x0ε
′ (Zmax + Zmin)

+
βε
′f

2
(
Zmax

2 + Zmin
2
)

+
x0ε
′2

βεf

∣∣∣∣∣
(15)

Let us fixβ′ε.

To obtain the minimumAψ we solve forx0ε
′ such

that

∂Aψ
∂x0ε

′ = 0

and obtain

x0ε
′ = −βε

′f

2
(Zmax + Zmin) (16)
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that is, the 0 distortion surface has to intersect the−∞
distortion surface in the middle of the depth interval in
the planeZ = (Zmax+Zmin)

2 .

Since
x′0ε
β′εf

depends only on the depth interval and
not on the directionψ, the total negative depth vol-
ume is minimized if (16) holds for every direction
and thus the volume is minimized for every direc-
tion. From the relationsβε

′ = cosψβε − sinψαε and
x0ε
′ = cosψx0ε + sinψy0ε , we obtainx0ε

y0ε
= − βε

αε
.

In other words, the rotational error(αε, βε) and the
translational error(x0ε , y0ε) have to be perpendicular
to each other.

Zmax

Zmin

Z

x0 fZmax

x̂0

x0 fZmin

x0

x

Fig. 8. Slice parallel to thex′Z plane through the volume of neg-
ative estimated depth for a single direction.
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Fig. 9. γε = 0: The volume of negative depth values for a single
direction between the0 and−∞ distortion surfaces.

If on the other hand we fixx0ε
′, we obtain by solving

for x0ε
′ such that∂Aψ∂βε′

= 0:

x0ε
′ = −βε′f

√(
Zmax

2 + Zmin
2
)

2
(17)

that is, the 0 distortion surface and the−∞ distortion

surface intersect in the planeZ =
√

(Zmax
2+Zmin

2)
2 .

Again, if x0ε
y0ε

= − βε
αε

, (17) holds for every direction,
and thus the total negative depth volume is minimized.

x0 fZmax

x̂0

x0 fZmin

x0 x

y

C0

C1C2

C3

Fig. 10. Slices parallel to thex′y′ plane through the0 distortion
surface (C0) and the−∞ distortion surface at depth valuesZ =

Zmin (C1), Z = − x′0ε
βε′f

(C2), andZ = Zmax (C3).

z

0

400

300

200

100

0

y’
0

100

50

0

-50

-100

x’
0

100

50

0

-50

-100

Fig. 11. γε 6= 0: volume of negative depth values between the0
and−∞ distortion surfaces.
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x̂0 x0 x

y

C
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A2

x̂0 d

y1

y2

Fig. 12. A change of̂x′0 to x̂′0 +d causes the area of negative depth
valuesAc to increase by areaA1 and to decrease by areaA2. This
change amounts toAc = −(y′1 + y′2)d sgn(γε).

Part 2 (γε 6= 0). If γε 6= 0, the−∞ distortion
surface becomes

(x′ − x0
′) + Z

(
−βε′f + γεy

′) = 0

This surface can be most easily understood by slicing
it with planes parallel to thex′y′ plane. At every depth
valueZ, we obtain a line of slope−1

γεZ
which intersects

thex′ axis inx′ = x0
′ + βε

′fZ (see Fig. 10). For any
givenZ the slopes of the lines in different directions
are the same. An illustration of the volume of negative
depth values is given in Fig. 11.

In part 1 of this analysis we found that for a given
rotational error(αε, βε) and γε = 0, the smallest
volume of negative depth values is obtained ifx̂′0 =
x0
′ + βε

′f (Zmax+Zmin)
2 , and the intersection of the0

and−∞ distortion surfaces is atZ = Zmin+Zmax
2 . In

order to derive the position of̂x′0 that minimizes the
negative depth values for the general case ofγε 6= 0,
we study the change of volume asx̂′0 changes from
x0
′ + βε

′f (Zmax+Zmin)
2 .

Referring to Fig. 12, it can be seen that for any depth
valueZ, a change in the position of̂x′0 to x̂′0 + d,

assumingZ 6= 0, causes the corresponding area of
negative depth values to change byAc, where

Ac = − (y′1 + y′2) d sgn(γε)

andy′1 andy′2 denote they′ coordinates of the inter-
section point of the−∞ distortion contour at depthZ
with the0 distortion contoursx′ = x̂′0 andx′ = x̂′0 +d.

By intersecting the−∞ distortion contourx′−x0
′+

Z(−βε′f + γεy
′) = 0 with the 0 distortion contours

x′ − (x0
′ + βε

′f
2 (Zmin +Zmax)) = 0 andx′ − (x0

′ +
βε
′f

2 (Zmin + Zmax) + d) = 0, we obtain

y′1 = −βε
′f(Zmin+Zmax)

2Zγε
+ βε

′f
γε

and y′2 = −βε
′f

2
(Zmin+Zmax)

Zγε
− d

Zγε
+ βε

′f
γε

and therefore

Ac =

−sgn (γε) d
(

2βε′f
γε
−
(
βε
′f (Zmin + Zmax) + d

Zγε

))
The changeVc in negative depth volume for any direc-
tion is thus given by

Vc =
∫ Zmax

Zmin

AcdZ

which amounts to

Vc = −sgn (γε) d

(
2βε′f
γε

(Zmax − Zmin)

−
(
βε
′f (Zmin + Zmax) + d

γε

)
ln

(
Zmax

Zmin

))

It can be verified that in order forVc to be negative,
sgn(βε′) = −sgn(d). This means that̂x0

′ + d lies
between̂x′0 andx0

′ (as in Fig. 12).
We are interested in thed which minimizesVc. By

solving

∂Vc
∂d

= 0

we obtain

d = βε
′f

 (Zmax − Zmin)

ln
(
Zmax
Zmin

) − 1
2

(Zmin + Zmax)
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Thus

x′0ε = −β′εf
(Zmax − Zmin)

ln
(
Zmax
Zmin

) (18)

Again, since
x′0ε
β′εf

depends only on the depth interval, the
total negative depth volume is obtained if the volume
in every direction is minimized. Therefore we have the
constraint independent ofγε.

x0ε

y0ε

= −βε
αε

For a given rotational error(αε, βε, γε) this constraint
defines the direction of the FOE of the translational
error on the image plane.

If on the other hand the translational error(x0ε , y0ε)
is given, it can be seen using Fig. 10 that the area of
negative depth values for every depthZ increases asγε
increases. Thus, for a given(x0ε , y0ε) the constraint
x0ε
y0ε

= − βε
αε

defines the direction of the rotational error
on the image. In addition, we must haveγε = 0.

Some comment on the finiteness of the image is nec-
essary here. The valuesAc andVc have been derived
for an infinitely large image. Ifγε is very small or some
of the depth valuesZ in the interval[Zmin, Zmax] are
small, the coordinates of the intersectionsy′1 andy′2
do not lie within the image. The value ofAc can be at
most the length of the image timesd. Since the slope
of the−∞ distortion contour for a givenZ is the same
for all directions, this will have very little effect on the
relationship between the direction of the translational
and rotational motion errors. It has an effect, however,
on the relative values of the motion errors. Only if the
intersections are within the image, equation (18) de-
scribes adequately the value ofx′0ε as a function ofβ′ε
and the interval of depth values of the scene in view.

4.2. Bias in the estimated direction of translation

We investigate here additional constraints on the size
of the negative depth volumes as they arise for typical
planar imaging systems. In particular, we consider the
effects due to the finite size of the aperture and the
effects due to fixation at a scene point.

Let us consider a circular aperture. We fix the
amount of translational error,(x0ε

2 + y0ε
2)1/2, and

study which is the direction of the translational error
resulting in the smallest negative depth volume. Inde-
pendent of the direction of translation, (17) describes

the relationship ofx0ε andβε for the smallest negative
depth volume. Substituting (17) into (15), we obtain
equation

Aψ =∣∣∣∣x0ε
′
(√

2
(
Zmax

2 + Zmin
2
)
− (Zmax + Zmin)

)∣∣∣∣
which describes the cross sections through the nega-
tive depth volumes as a function ofx0ε

′ and the depth
interval. The negative depth volume for every direc-
tionψ amounts toAψlψ, wherelψ denotes the average
extent of the wedge-shaped negative depth volume in
directionψ. The total negative depth volume is min-
imized if

∫ π
0
Aψlψdψ is minimized. Considering a

circular aperture, this minimization is achieved if the
largestAψ corresponds to the smallest extentlψ and the
smallestAψ corresponds to the largestlψ. This hap-
pens when the actual and the estimated FOE lie on a
line passing through the image center, that is,x0

y0
= x̂0

ŷ0
,

and the actual FOE is closer to the image center than
the estimated FOE (see Fig. 13).

Next we investigate the negative depth volumes un-
der fixation. We are interested in this configuration,
because systems with planar eyes perform motion es-
timation usually during fixation. For example, typical
eye movements in humans consist of a series of fixa-
tions separated by saccadic movements, and during the
latter no processing of visual information takes place.

If the system is fixating, the flow at the center is zero,
and thus from (11) we obtain

U
Zfix

= −β, V
Zfix

= α

and Û
Zfix

= −β̂, V̂
Zfix

= α̂,

whereZfix denotes the depth of the fixation point.

ThereforeUV = −β
α and Û

V̂
= − β̂

α̂ , that is, the ac-
tual FOE and AOR (as well as the estimated FOE and
AOR) lie on lines through the image center and per-
pendicular to each other. In addition, we obtain from
the above equationsUε = −βεZfix andVε = αεZfix,
which are constraints on absolute velocity and depth
measurements.

From the minimization of negative depth volumes
(not considering fixation) we obtained thatx0ε =

−βεf
√

Zmax
2+Zmin

2

2 andy0ε = αεf
√

Zmax
2+Zmin

2

2 .

Let us use the notationZideal
W =

√
Zmax

2+Zmin
2

2 .
Combining the constraints from fixation and negative
depth volume minimization we obtain



Ambiguity in Structure from Motion: Sphere versus Plane 151

U

W
− Û

Ŵ
=
UεZideal

ZfixW
and

V

W
− V̂

Ŵ
=
VεZideal

ZfixW

and therefore

Ŵ = WZfixÛ
UZfix−UεZideal

and Ŵ = WZfixV̂
V Zfix−VεZideal

(19)

Both equations in (19) can be true only if eitherZfix =
Zideal or if x0

y0
= x̂0

ŷ0
. This just means that compar-

ing the case without fixation to the case of fixation, if
the real and the estimated FOE are on a line through
the center, the negative depth volumes are of the same
amount. For any other configuration the negative depth
volumes are larger for the case of fixation, as for these
configurations the perpendicularity of the translational
and rotational errors cannot be enforced. Thus fixation,
too, increases the likelihood of a motion estimation in
the form x0

y0
= x̂0

ŷ0
. Furthermore, (19) defineŝW in

terms of the actual translation, the estimated transla-
tion, and the depth of the fixation point. If the system
has a good estimate of its forward translational veloc-
ity, this provides additional constraints on the motion
errors, which in turn means that motion estimation is
performed more accurately if the system fixates.

FOE
FÔE

Aψ1

Aψ 2

lψ 1

lψ 2

Fig. 13. Cross-sectional view of the wedge-shaped negative depth
volumes in a circular aperture. The minimization of the negative
depth volume for a given amount of translational error occurs when
x0
y0

= x̂0
ŷ0

. Aψi and lψi denote the areas of the cross sections
and average extents respectively, for two anglesψ1 andψ2, and
the circles at the boundaries ofAψi are described asx′ = x0

′ +
β′εfZmin andx′ = x0

′ + β′εfZmax.

At this point, it is worth noting that results simi-
lar to those obtained here for the case of a planar eye
are also achieved when one minimizes deviation from
the epipolar constraint on the basis of optic flow, as
opposed to minimizing negative depth on the basis of
normal flow. In particular, if the depth of the scene
in view is uniformly distributed, for a fixed transla-
tional error(x0ε , y0ε) the rotational error is of the form
− βε
αε

= x0ε
y0ε

, γε = 0. In the case of a global mini-
mization, that is, a simultaneous estimation of rotation
and translation, we have in additionx0

y0
= x0ε

y0ε
. In the

case of a fixed rotational error the relationship is more
intricate, depending on the exact value of the rotational
error and the scene in view. The interested reader is
referred to (Ferm¨uller and Aloimonos, 1998).

5. Shape Estimation in the Presence of Distortion

The above results are of great importance for the anal-
ysis of shape estimation. An error of the formγε = 0,
x0ε
y0ε

= − βε
αε

= x0
y0

guarantees that shape maps of the
scene are derived which are very well behaved.

If we use the estimated normal flow measurements
to derive optical flow, we can obtain a global shape
map which is affine in the inverse depth. The underly-
ing idea is as follows: We use the 3D motion estimate
obtained to detect discontinuities in the flow field; that
is, on the basis of the 3D motion estimate, depth is de-
rived from normal flow measurements (which are suf-
ficiently different from the direction perpendicular to
the estimated translational flow) only for the purpose of
detecting depth discontinuities. Knowledge about the
discontinuities allows for the derivation of better opti-
cal flow estimates. Then we compute the depth from
the component of optical flow along the directions tan-
gential to circles with center at 0. This allows us to
cancel the terms linear and quadratic in the image co-
ordinates. Thus, considering(nx, ny) in the direction
(−y, x) and consideringγε = 0, we obtain from (12)
the distortion factor as

D =
x̂0nx + ŷ0ny

x0nx + y0ny + Zf (βεnx − αεny)
(20)

If x0ε
y0ε

= − βε
αε

= x0
y0

for any givenZ, the numerator is
a multiple of the denominator and thus the distortion
factor is the same for every direction(nx, ny). This
means that scene points of the same depth are distorted
by the same factor and the computed depth map has
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the same level contours as the actual depth map of the
scene.

Also, the same distortion factor can be obtained ap-
proximately for the image near the fixation center, if
depth is estimated directly from the normal flow mea-
surements. As near the image center the image coor-
dinates are very small, if we ignore them,D for any
(nx, ny) takes the same form as in (20).

In the shape map obtained in this way, depending on
the sign of the rotational error, there will either be an
overestimation for the nearby scene and an underesti-
mation for the far scene or vice versa. All the distortion,
however, takes place only in theZ dimension. Thus
the resulting depth function involves an affine trans-
formation (that is, the inverse depth estimates can be
expressed as1

Ẑ
= a

Z +b). The invariants of these shape
maps have been studied in the work of Koenderink and
van Doorn (Koenderink and van Doorn, 1994; Koen-
derink and van Doorn, 1995).

6. Conclusions

A stability analysis, which investigated the inherent
ambiguities of structure from motion, has been pre-
sented. The analysis was based solely on the fact that
the depth of the scene—in order for the scene to be
visible—has to be positive. As input to the structure
from motion process we considered the value of the
flow at every point along some direction, a quantity
more easily computable than optical flow or correspon-
dence. Our stability analysis amounts to an understand-
ing of the coupling of the translational and rotational
error. Given an error in the translation (or the rota-
tion), we asked: what is the value of the rotation (or
the translation) that estimates the minimum number of
negative depth values? We performed the analysis for
both a spherical and a planar retina. For the case of a
planar retina we found that the configuration of the ro-
tational and translational errors resulting in minimum
negative depth is the one in which the projections of the
two error vectors on the image plane are perpendicular
to each other, and that an estimated translation whose
projection on the image passes through the image cen-
ter and the projection of the actual translation is most
likely. For the case of a spherical retina, we found that
given a rotational error, the optimal translation is the
correct one, while given an error in translation, the op-

timal rotation error has an intricate relationship to the
translational error and the scene in view.

These results, besides their potential use in struc-
ture from motion algorithms, also represent a compu-
tational analysis assessing different eye construction
in the natural world. The results on the sphere demon-
strate that it is very easy for a system with panoramic
vision to estimate its self-motion. Indeed, if the sys-
tem possesses an inertial sensor providing its rotation
with some error, we have shown that after derotation,
a simple algorithm considering only translation based
on normal flow will estimate the translation optimally.
This suggests that spherical eye design is optimal for
flying systems such as the compound eyes of insects
and the panoramic vision of birds.

The analysis on the plane revealed that for an op-
timal configuration of errors, the estimated depth dis-
torts only in thez direction, with the level contours
of the depth function distorting by the same amount,
thus making it feasible to extract meaningful shape rep-
resentations. This suggests that the camera-type eyes
of primates are possibly optimal for systems that need
good shape computation capabilities.
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Appendix

Re-parameterization of Flow Directions

Let us choose a uniformly distributed flow field di-
rection n1(ψ) as follows. The coordinates ofr =
[x, y, z]T at every point on the unit sphere are obtained
through a rotation of point[0, 0, 1]T by an angleϕx
around thex axis followed by a rotation of angleϕy
around they axis. Thus the rotation matrixR is given
by

R =

 cosϕy 0 sinϕy
− sinϕx sinϕy cosϕx sinϕx cosϕy
− cosϕx sinϕy − sinϕx cosϕx cosϕy


and every point

r = [sinϕy, sinϕx cosϕy, cosϕx cosϕy]T .
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Vectorsn1(ψ) are obtained through rotation of unit
vector[sinψ, cosψ, 0]T at point[0, 0, 1]T . Thus

n1(ψ) =
[cosϕy sinψ,− sinϕx sinϕy sinψ + cosϕx cosψ,
− cosϕx sinϕy sinψ − sinϕx cosψ]T

On the other hand, the directionn2(χ) used in the
analysis is chosen to ben2(χ) = r × s(χ) with
s = [0, sinχ, cosχ]T .

Thus

n2(χ) = [cosϕx cosϕy sinχ− sinϕx cosϕy cosχ,
sinϕy cosχ,− sinϕy sinχ]T .

In order forn1(ψ) to be parallel ton2(χ) the following
must hold:

(n1(ψ)× n2(χ)) · r = 0

Thusψ = g(χ) = arctan( tan(χ−ϕx)
sinϕy

) and the normal-

ization factor|∂ψ∂χ | is∣∣∣∣∂ψ∂χ
∣∣∣∣ =

∣∣∣∣ sin(ϕy)
cos(ϕy)2 cos(χ− ϕx)2 − 1

∣∣∣∣
For an illustration see Fig. 6.
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