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Abstract 
How does the ability of humans and primates to :fixate at environmental points in the presence of relative motion 
help their visual systems in solving various tasks? To state the question in a more formal setting, we investigate 
in this article the following problem: Suppose that we have an active vision system, that is, a camera resting on 
a platform and being controlled through motors by a computer that has access to the images sensed by the camera 
in real time. The platform can move freely in the environment. If this machine can fixate on targets being in rela- 
tive motion with it, can it solve visual tasks in an efficient and robust manner? By restricting our attention to 
a set of navigational tasks, we find that such an active observer can solve the problems of 3-D motion estima- 
tion, egomotion recovery, and estimation of time-to-contact in a very efficient manner, using as input the spatio- 
temporal derivatives of the image-intensity function (or normal flow). Fixation over time changes the input (motion 
field) in a controlled way and from this change additional information is derived making the previously mentioned 
tasks easier to solve. 

1 Introduction 

Visual navigation problems in the past were mostly 
studied for the case of a passive observer. In order to 
demonstrate the computational advantages underlying 
the perceptual capabilities of an active observer capable 
of controlling its gaze, we first give a short overview 
of visual motion techniques for passive observers. 

Most studies devoted to visual motion analysis are 
dominated by the computational approach of Marr 
(1982). The goal is to recover from a sequence of im- 
ages the 3-D motion parameters and the structure of 
the objects in view. The suggested strategies attempt 
to solve the problem in two steps (Ullman 1979). First, 
accurate image displacements between consecutive im- 
age frames have to be computed, either in the form of 
correspondence of features or as dense motion fields 
(optic flow fields). In case the motion between image 
frames is relatively "large" image features are isolated 
and tracked through a sequence of frames. This 
amounts to solving the so-called correspondence prob- 

tem. Otherwise, in case of "small" motion, the dy- 
namic imagery is considered as a three-dimensional 
function of two spatial and one temporal variables. And 
from the spatiotemporal derivatives and some additional 
information derived by making assumptions about this 
function, the velocity in the image plane or optical flow, 
is computed. In a second step the 3-D motion and the 
structure of the scene is computed from the equations 
relating the 2-D image velocity to the 3-D parameters. 
This step is usually called the "structure-from-motion" 
problem. 

The plethora of mathematical models and computa- 
tional techniques that have been employed in the study 
of visual motion interpretation can be classified in a 
variety of ways (according to whether correspondence 
or optic flow are used as input, on the basis of the type 
of features used for correspondence or the choice of 
the image projection model, whether the proposed solu- 
tions involve iterative methods or are in closed form, 
etc.). Here we provide a brief historical account of 
research in the motion-estimation problem for a passive 
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observer. Following the two-step approach, the two 
problems of computing correspondence or optical flow 
and the estimation of structure from motion have been 
studied in parallel. In the evolution of the study of the 
structure-from-motion problem three phases can be dis- 
tinguished. First, work dealt with the question of the 
existence of a solution, that is, can we extract any in- 
formation from a sequence of images about the struc- 
ture and the 3-D motion of the scene that cannot be 
found from a single image? Several theoretical results 
have appeared that deal with questions such as: what 
can be recovered from a certain number of feature 
points in a given number of frames (Ullman 1979; 
Aloimonos & Brown 1989) under either orthographic 
or perspective projection. Then, the uniqueness aspects 
of the problem were studied. Nonlinear algorithms for 
the recovery of structure and motion from point or line 
correspondences and optic flow appeared increasingly 
in the literature. Algorithms dealing with correspon- 
dence were based on iterative approximation tech- 
niques. So, they lacked guaranteed convergence. Later, 
"linear" algorithms were developed and closed-form 
solutions introduced (Tsai & Huang 1984; Spetsakis & 
Aloimonos 1990; Adiv 1985) that allowed proofs of 
uniqueness. Although research in these lines has been 
accompanied by many experiments, none of the existing 
techniques could be used as a basis for an integrated 
system working robustly in general environments. 

The reasons for the lack of applicability to real-world 
problems are due to the difficulty of estimating retinal 
correspondence, which is an ill-posed problem; the 
assumptions that have to be made to derive optical flow; 
and the sensitivity of 3-D motion estimation to small 
changes in the input data, that is, image motion. Even 
optimal algorithms (Spetsakis & Aloimonos 1992)- 
optimal under the assumption of Gaussian noise--per- 
form quite poorly in the presence of moderate noise. 
As a result, research on motion analysis has shifted its 
focus to issues of robustness, with most researchers 
using redundant information. Algorithms that employ 
long sequences of image frames have been developed. 
These techniques, however, still require the correspon- 
dence of features and in most studies many assumptions 
about the continuity of motion and the structure of the 
scene were employed (with the notable exception of 
(Spetsakis & Aloimonos 1991)). 

Efforts to remove these and many other shortcom- 
ings related to the perception of motion and structure, 
contributed to the development of direct methods for 

the interpretation of visual motion and to the birth of 
a new concept, active vision (Aloimonos et al. 1988; 
Bajcsy 1985; Ballard 1991). Since the computation of 
optical flow or correspondence is probably an ill-posed 
problem, it would make sense to circumvent this com- 
putational step. The only image-motion representation 
that is generally well defined is the image-motion com- 
ponent perpendicular to grey-level edges, the so-called 
normal flow. Algorithms that seek visual motion inter- 
pretation on the basis of normal flow belong to the 
category of direct methods that are gaining increasingly 
a lot of importance, and this article presents a set of 
ideas along these lines. 

On the other hand, use of normal flow for a pas- 
sive observer does not in any way alter the local con- 
straints relating image motion to 3-D motion and struc- 
ture of a moving object which are nonlinear and quite 
sensitive to small perturbations. 1 The situation is, 
however, different for the case of an active observer. 
An observer is active when he has the capability to 
control the geometric parameters of his sensory appa- 
ratus, that is, when he can control the image acquisi- 
tion process. Aloimonos, Weiss, and Bandopadhay 
(1988) show that an observer with the ability to con- 
trol self-motion can solve several recovery problems 
in a more efficient manner than can a passive observer. 
One of the reasons for this is that the activities of the 
observer (verging, fixating, zooming, tracking, focus- 
ing, etc.) introduce additional constraints that facilitate 
the interpretation of the visual signal. This is also the 
case for problems of visual motion analysis and the 
activity of fixation. 

Here we present the computational advantages of fix- 
ation in space-time, usually referred to as gaze control. 
We show that an active observer with the ability to con- 
trol its gaze and keep an environmental feature station- 
ary on its image can solve several visual-motion inter- 
pretation tasks very efficiently, using well-defined input 
and spending little computational effort. 

2 Overview 

The theoretical importance of structure-from-motion 
can hardly be overemphasized. The reason is that if 
we are able to compute from a sequence of images the 
structure of the imaged scene and the relative three- 
dimensional motion, then subsets of the computed 
parameters provide sufficient information for the solu- 



The Role of Fixation in Visual Motion Analysis 167 

tion of several problems related to navigation, such as 
detection of independent motion, kinetic stabilization, 
obstacle avoidance, target pursuit, hand-eye coordina- 
tion, automatic docking, etc. Indeed, if a robust solution 
to the structure-from-motion was available, we would 
use it in order to solve the above-mentioned problems. 
Consequently since it has turned out that there exist 
inherent difficulties in solving the general problem of 
structure-from-motion, it makes sense to seek direct 
solutions to the specific problems mentioned above that 
do not require complete recovery (Aloimonos 1990). 
In addition, if we are able to supply additional infor- 
mation to the processes solving these specific motion 
tasks, we may solve problems that were originally con- 
sidered as ill-posed, ill-conditioned, and nonlinear. Ad- 
ditional information can be obtained by making the 
observer active and allowing him therefore to manipu- 
late and control certain parameters. This is the approach 
called for by the paradigm of active vision (Bajcsy 1985; 
Aloimonos et al. 1988; A/oimonos 1990). 

In their paper, A/oimonos et al. discuss solutions 
to some recover,:, problems for an active observer 
possessing controlled self-motion, but they consider 
optical flow as input to their modules. Here, by ex- 
ploiting the advantages of gaze control, we develop 
solutions to the 3-D motion-estimation problem that do 
not rely on optic flow or correspondences but use as 
input the spatiotemporal derivatives of the image- 
intensity function. 

From the measurements on the image we can only 
recover the relative motion between the observer and 
any point in the 3-D scene. The model that has mostly 
been employed in previous research to relate 2-D image 
measurements to 3-D motion and structure is the one 
of rigid motion. Consequently, the case of egomotion 
recovery for an observer moving in a static world has 
been treated in the same way as the estimation of an 
object's 3-D motion relative to an observer. We argue 
here that the rigid-motion model is the appropriate one 
if only the observer is moving, while this holds only 
for a restricted subset of moving objects--mainly man- 
made ones. Indeed, all objects in the natural world 
move nonrigidly. However, considering only a small 
patch in the image of a moving object, a rigid-motion 
approximation is legitimate. 

Therefore, for the case of egomotion we can use data 
from all parts of the image plane, whereas for object 
motion we can only employ local information. Hence, 
we develop two conceptually different algorithms for 
explaining the mechanisms underlying the perceptual 

processes of egomotion recovery and 3-D object-motion 
recovery. 

In particular, we analyze the following two problems: 

1. "Given an active observer viewing an object moving 
in a rigid manner (translation + rotation), recover 
the direction of the 3-D translation (Focus of Expan- 
sion: FOE) and the time to collision by using only 
the spatiotemporal derivatives of the image-intensity 
function" (sections 5 and 6). A/though this problem 
is not equivalent to structure-from-motion, because 
it does not fully recover the 3-D motion, it is of im- 
portance in a variety of situations where response 
to object motion has to be generated and the transla- 
tion of the moving object is the relevant factor. If 
an object is rotating around itself and also translating 
in some direction, we are usually interested in its 
translation--for example in problems related to 
tracking, prey catching, interception, obstacle avoid- 
ance, etc. 

2. Given an active observer moving rigidly in a static 
environment, recover the direction of its translation 
and its rotation and determine the relative depth (sec- 
tions 5 and 7). This is the process of passive naviga- 
tion, a term used to describe the set of processes 
by which a system can estimate its motion with 
respect to the environment. 2 

3 The Input 

Due to the aperture problem the only image-motion 
measurement that can in general be uniquely defined 
from a sequence of images is the normal flow, the com- 
ponent of the flow perpendicular to the edges (Horn 
& Schunck 1981). Normal flow can be computed in a 
variety of ways (Fleet & Jepson 1990; Singh 1990). The 
difficulty in its estimation is mainly due to the discrete 
nature of digital images. Computing normal flow in im- 
ages is as difficult as detecting edges. 

Assuming conservation of the image intensity, the 
normal flow is computed from the spatiotemporal deriv- 
atives of the intensity function I(x, 7; t) by employing 
the motion-constraint equation Ixu + Iyv + It = 0 
(Horn & Schunck 1981), where subscripts denote partial 
differentiation and (u, v) the optic flow. The normal 
flow is then the projection of the flow on the gradient 
direction, that is, (Ix, ly) • (u, v) = -It .  It is by now 
well established that the optic-flow field and the motion 
field are not equal in general (they are equal for the 
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case of a uniformly illuminated Lambertian surface 
undergoing pure translation) (Verri & Poggio 1989) and 
it is not clear whether optic flow could be used in quan- 
titative studies of visual-motion problems. However, it 
can be shown that the normal flow is very close to the 
normal motion field in places of the image where the 
local intensity gradient V I  is high (Singh 1990; 
Fermfiller 1993a). Thus, if we measure normal flow 
only in regions where the intensity gradients are of high 
magnitude, we guarantee that the normal-flow measure- 
ments can be used for inferring 3-D motion. 

Concerning the implementation of the algorithms for 
finding normal flow in the experiments conducted in 
this article, the images were first convolved with either 
a box filter of kernel size 3 to 5 or a Gaussian of the 
same kernel size and standard deviation in the order 
of a = 1.3 - 1.7. The normal flow was computed by 
using 3 x3 Sobel operators to estimate the spatial deriv- 
atives in the x and y directions and by subtracting the 
3 ×3 box-filtered values of consecutive images to esti- 
mate the temporal derivatives. Because the direction 
of normal-flow vectors at corner points cannot be accu- 
rately estimated, a preprocessing step was utilized, 
where through a multiresolution technique (Ferm/iller 
& Kropatsch 1992) edge points of high curvature were 
detected and the normal flow was not estimated there. 

4 Previous Research 

This work is directed toward the recovery of 3-D motion 
using the activity of dynamic fixation and the image 
gradients (normal flow) as input. Thus, it is related to 
both active vision techniques and direct methods for 
the perception of visual motion. 

The realization that the vision of biological systems 
is trivially active has initiated a lot of work on active 
computer vision (Pahlavan 1993; Swain & Ballard 1991; 
Swain & Stricker 1991). The idea of employing fixation 
and using the tracking parameters for motion estima- 
tion has been used by Aloimonos and Weiss (1988) and 
Bandopadhay and Ballard (1991), who provide a closed- 
form solution for the computation of the egomotion 
parameters for a binocular observer by employing the 
rotation angle and its first and second derivative (angu- 
lar velocity and acceleration) along with values of the 
optic-flow field. Our contribution here lies in the devel- 
opment of a solution for an active monocular observer 
capable of fixating in space-time that uses normal flow 
as input, that is, the spatiotemporal derivatives of the 

image-intensity function. At the same time we explain 
in computational terms the advantages of dynamic fix- 
ation. When an observer fixates at a feature being in 
relative motion with that observer, visual motion data 
around the fixation point give rise to new geometric 
constraints that can be used to decipher the parameters 
of the three-dimensional motion. 

On the other hand, the idea of using the image gra- 
dients to directly estimate 3-D motion without going 
through the intermediate stage of calculating the optic- 
flow field first appeared in the work of Aloimonos and 
Brown (1984). They presented a complete solution for 
the case of pure rotation, whereas a detailed study of 
translational motion can be found in (Horn & Weldon 
1987; Negadharipour 1986; Negadharipour & Horn 
1989; and Negadharipour & Ganesan 1992). Finally, 
a hybrid technique appeared recently (raalebi-Nezhaad 
1990), using optical flow, tracking, and image gradients 
for addressing 3-D motion estimation in the general 
case (rotation and translation). However various limit- 
ing assumptions about the depth of the scene in view 
had to be employed in that work. Our contribution here 
lies in the introduction of several novel geometric 
normal-flow-field properties due to rigid motion that 
give rise to simple pattern-matching techniques for 
recovering egomotion without using any assumptions 
about the shape of the scene. 

Here, we demonstrate that the processes of the esti- 
mation of object motion and the estimation of an ob- 
server's motion--which were in the past addressed as 
the same problem--are perceptually different. We 
develop solutions to these problems for an active 
observer; in the former case the solution is based on 
fixation and tracking through the utilization of a small 
part of the input while in the latter case the solution 
is based on fixation in time and the analysis of global 
patterns of image motion. We show how an active 
observer through a qualitative analysis of normal-flow 
fields reduces the dimensionality of the motion- 
perception problem from five dimensions to one thus 
obtaining a fast and robust solution. 

5 The Observer and the Choice of the Coordinate 
System 

Figure 1 depicts a pictorial description of the active 
observer. Notice that the camera, controllable by a 
motor, is resting on a platform that can move rigidly. 
Figure 2 shows a geometric model of the camera. O 
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F/g. 2. Imaging geometry and motion representation (camera-centered). 

denotes the nodal point of the eye and the image plane 
is perpendicular to the optical axis OZ at distance f 
(focal length) from the origin. The image is formed 
through perspective projection. 

Since motion parameters are expressed relative to 
a coordinate system, prediction of the position of the 
moving entity (object or observer) at the next time in- 
stance is dependent on the choice of the coordinate 
system. In the case of egomotion, it makes sense to 
attach the coordinate system onto the observer, simply 
because the quantities recovered are directly related to 

the way the observer moves (figure 2). On the other 
hand, when the observer needs to make inferences 
regarding another object's motion, the ideal place to 
put the origin of the coordinate system would be the 
mass center of the object (the natural system). 

Since the mass center is not known, different choices 
have to be made. Most commonly the camera's nodal 
point is chosen as the center of the coordinate system 
(camera-centered coordinate system). Rotation is 
described around the nodal point. In the case of object 
motion this leads to different values for the motion 
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Fig. 3. Object-centered coordinate system. 

parameters for each new frame, which is an unwelcome 
effect in the task of finding translational motion. 

We therefore decided to attach the center of rotation 
to the object's point of intersection with the optical axis 
(an object-centered coordinate system) (see figure 3). 
The active observer is free in its choice of the center 
and will therefore decide for a point belonging to a 
neighborhood of nonuniform brightness with distin- 
guishable features. This way the region under consider- 
ation has gradients distributed in various directions and 
this is essential for the success of the normal-flow-based 
tracking technique (section 6.1). 

This choice is justified by the following argument: 
When choosing as a fixated point the mass center of 
the object's image or a point in its near neighborhood, 
the resulting motion parameters are in many cases close 
to those of the natural system. In the natural coordinate 
system with center On the velocity v at point P is due 
to the translational and the rotational component, 

V = tn + O~ × O n P  

and in the object-centered coordinate system with center 
O o the same velocity is expressed as 

V = t o + O ~  x OoP 

Therefore the difference in translation between tn and 
to (see figure 4) is given by 

tn - to = w X (OoP - OnP)  

= w X 0 o 0  n 

This value becomes smaller as Oo O~ decreases. 
Throughout this article, in order to stress the differ- 

ent analyses for different coordinate systems, rotation 
in an object-centered coordinate system is denoted by 

(~1, o~2, o~3) and rotation in a camera-centered coor- 
dinate system by (or, /3, ,y). 

6 Active 3-D Motion Estimation 

It has been argued that fixation and tracking are used 
in biological vision systems for the sake of simplifying 
the interpretation of motion. Since our goal is to study 
computer vision for an active observer, the first ques- 
tion we should ask concerns the nature of the activities 
employed. What is gained from fixation and tracking? 
The major advantage of tracking is the accumulation 
of information over time and therefore the introduction 
of the parameter of time as additional component to 
the input information. Another advantage of tracking 
is that since it is accomplished over a number of steps, 
the tracking parameters can be sequentially corrected. 
Thus, there is no need to rely on just one measurement. 

The estimation of the translational direction and the 
time to collision are accomplished in two steps. First, 
after detecting independent object motion the active 
observer fixates at a point of the object. This point is 
considered to be the origin of the "object-centered" 
coordinate system throughout the analysis. Tracking is 
then used in order to obtain the projection on the image 
of the object's translation parallel to the image plane. 
Using this result and tracking, the observer accumulates 
depth information over time and acquires information 
about the translation of the object parallel to the op- 
tical axis. Thus the direction of translation (FOE) is 
estimated and finally the time to collision is obtained 
by using its relationship to the FOE and spatiotemporal 
information at the fixated point. The forthcoming 
nomenclature and analysis follows (Fermfiller & 
Aloimonos 1992). 
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6.1 Tracking Provides the Translation Parallel to the dy 
Image Plane dt 

From a mathematical point of view, fixation in time 
provides linear relations between the 3-D and the 2-D 
velocity parameters. An object at distance Z in front 
of the camera moves in the 3-D environment with 
translational velocity (U, V, I4) and rotational velocity 
(~o 1, ~o 2, ¢o3). In an object-centered coordinate system 
with center P(X0, Yo, Zo) under perspective projection 
the optical flow (u, v) is related to these parameters 
through the following equations: 

dx 
m ~ U 

dt 

Uf Wx xyw 1 
z z f 

-- w3y 

- -  V 

1 Z Z ~01 + 

+ ~ + ¢o3x 
J 

In a small area around the center x, y, and (Z - 
Zo)/Z are close to zero. The optical flow components 
due to rotation and due to translation parallel to the opti- 
cal axis converge to zero, and u becomes Uf/Z and v 
becomes Vf /Z. 

The above equations demonstrate the essence of the 
fixation-based approach to visual motion estimation. 
The flow at the center of the image is equal to the 
parallel translation (U, V) scaled by the depth Z. I f  we 
knew the flow at the image center, then subsequent 
processing would be greatly facilitated. In the sequel 
we show that fixation in time can be used for the evalua- 
tion of this optic-flow value in an iterative manner and 
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prove the convergence of the method to the exact solu- 
tion. As this step is accomplished, the direction of 
parallel translation is obtained. Such a dynamic fixation 
could obviously be performed in a variety of ways, for 
instance by using correlation-based methods or other 
statistical techniques (see for example the articles by 
Blake et al. and Coombs and Brown in this issue). Here 
however, as we are mostly interested in the information 
content of a normal-flow field, we would like to explain 
how dynamic fixation could be achieved using only 
normal-flow information. 

Consider then the normal flow in a set of directions 
in a small area around the origin (fixation point). Since 
normal flow is the projection of the optic flow on the 
gradient direction, the largest of the normal-flow values 
in the different directions is therefore the one closest 
to the optical flow. Let us call this normal-fiow vector 
the maximum normal flow and denote it by (u n, v n) 
(see figure 5). We take it as an approximation to the 
correct optic flow and use it to track the fixated point. 
The purpose of tracking is to correct for the error in 
the approximation. In order to keep a point with opti- 
cal flow (u, v) in the center of the image, the observer 
has to perform a movement that produces the same 
value of optical flow in the opposite direction. The way 
the observer accomplishes this task is by rotating the 
camera around the nodal point about the x- and y-axis. 
While the observer is moving it takes the next image 
and computes again the normal-flow vectors. I f  the 
maximum normal flow was equal to the optical flow, 
a new optical flow (due to object motion and egomo- 
tion) of zero will be achieved. 

Usually, however, the maximum normal flow and the 
optical flow will not be equal; there will be a difference 
in magnitude and/or in direction. An error in magnitude 
results in a flow vector in the direction of maximum 
normal flow, and an error in direction creates a flow 
vector perpendicular to it (see figure 5b). The actual 
error is usually in both magnitude and direction. Thus 
the new flow vector is a vector sum of the two compo- 
nents. Again it can be approximated by the largest 
normal-flow vector measurement. The new measured 
normal flow is used as a feedback value to correct the 
optical flow and the tracking parameters; the new 
normal-flow vector is added to the maximum normal- 
flow vector computed in the first step. Proceeding by 
applying the same technique to the successive estimated 
errors will result in an accurate estimate of the actual 
flow after a few iterations. The proof of convergence 
to the exact solution follows: 

We use here a simplified model to explain tracking. 
The change of the local coordinate system during track- 
ing and the fact that the object is coming closer is not 
considered. Since for the purpose of estimating image 
motion at the point of fixation the number of tracking 
steps is small, the error originating from this model 
is not essential. Concerning a specific application, the 
algorithm will stop when the computed error is smaller 
than a given threshold, which will cover model errors. 

In each iteration step we are computing an approx- 
imation to the difference between the observer's egomo- 
tion and the object motion. Considering the possible 
sources of error we have to show that the approxima- 
tion error will become zero. 

- . . . -  

(a) (b) 

Fig. 5. (a) Normal flow vectors measured in different directions. (b) The new flow vector (resulting from object motion and tracking) is due 
to (1) the error in magnitude, and due to (2) the error in direction. 
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Deviations of the chosen maximum normal flow 
from the optical-flow value are due to (a) deviations 
covered through the model, (b) deviations coming from 
simplifications and discrete computations, and (c) gen- 
eral errors occuring in normal-flow computation. 

Regarding (a), the fact that normal-flow measure- 
ments are computed in a finite number of directions 
causes an error in direction of up to half the size of 
the interval between two normal-flow measurements. 
If measurements in n directions are performed the max- 
imum error p is bounded by p < 7r/2n. 

Regarding (b), in the evaluation of flow measure- 
ments the parts linear and quadratic in x, y, and Z - 
Z 0 are ignored. Furthermore each measurement in one 
direction is computed as the average of the normal flow 
values in a range of directions. These reasons may cause 
errors in magnitude as well as direction, and a different 
vector than the closest normal-flow vector may be 
chosen. 

Finally, sensor noise in normal-flow measurements 
and the numerical computation of the derivatives of the 
image-intensity function can influence the magnitude 
and the direction of the estimated value. 

Let v be the magnitude of the actual optical flow. 
The error sources lead to specifying the error in magni- 
tude, q, as a percentage of the actual value, qi is the 
magnitude of error in the maximum normal-flow meas- 
urement at step i and Pi is the angle between the max- 
imum normal-flow vector and the optical-flow vector, 
where qi < q and Pi < P. Therefore the difference 
between the optical flow and the first measurement of 
maximum normal flow is given by 

= (- vql cos pl -) 
dt t._ v sin pl _3 

where the x-axis is aligned with the maximum normal- 
flow vector (see figure 6). The square of its magnitude 
is computed as 

Ildtll 2 = v2q ( cos2pl + v 2 sin2 pl 

The second normal-flow vector, if measured from the 
direction of the maximum normal-flow vector derived 
in the second step, is given by 

= r lid1 II q2 cos P2"~ 't2 
L II dx II sin p2 J 

and the square of its magnitude is therefore 

lid2112 = q2q22v2 C0S2 P l  c0S2 P2 

+ q21v2 cos2 Pl sin2 P2 

+ v2 s in2 PI sin2 P2 

+ q 2v2 sin2 Pl cos2 P2 

In general, if we denote by {a, b} the fact that either a 
or b has to be chosen, then II d. fl 2 can be expressed as 

l id.  If2 = v 2 ~ f i  {q2 cosp2, sinp2} 
(...) i=t 

where ( . . . )  represents "all permutation?' 
Since qi < 1 and sin Pi < 1 it follows that IIi 

{q/Z cos p~, sin p2} and thus the whole term converges 
to zero. Therefore the convergence of the approxima- 
tion value to the actual optical-flow value has been 
shown for the "simplified tracking model?' 

/ I 

' 
/ 

/ I 
/ I 

sin Pl 

(un' vn) ql  ~)c°s  Pl 

Fig. 6. Difference between optical-flow vector and maximum normal-flow vector. 
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6.2 Estimating the FOE Using Fixation Through Time 

When continuing with fixation over time, as an object 
comes closer to the observer and the value of Z de- 
creases, the optical-flow value increases. In order to 
track correctly and adjust to the increasing magnitude 
of the optical-flow value, the tracking parameters have 
to be changed too. From the change of the tracking 
parameters, the change in Z can be derived. If tracking 
is accomplished by rotation with a certain angular 
velocity, this just means that the change in depth is 
derived from the angular acceleration. In the sequel 
we show the relation between image motion and track- 
ing movement and explain the computation of the track- 
ing parameters, which have to be changed in every step. 
We explain the exact process of tracking for a geometric 
setting consisting of a camera that is allowed to rotate 
around two fixed axes: X and Y. These axes coincide 
with the local coordinate system of the image plane at 
the beginning of the tracking process. 

We describe rotation by an angle ~b around an axis, 
which is given by its directional cosines nl, n2, n3, 
where n~ + n 2 + n32 = 1. The transformation of a 
point P with coordinates (X, Y, Z) before and (X" Y', Z')  
after motion is described through the linear relation 

Y' = R 
Z'  

where the transformation matrix R is of the following 
form: 

I 
n~ + (1 - n~) cos4) n l n 2 ( 1 - c o s 4 ) ) - n 3 s i n 4 )  n~n3(l - cos 4)) + n2 sin 4)" ) 
nln2(1 - cos 4)) + n 3 sin 4) n~ + (1 -- n~) cos ~ nzn~(1 - cos 4)) - n~ sin 4 ) [  
n l n ~ ( 1 - c o s 4 ) ) - n : s i n 4 )  n 2 n 3 ( 1 - e o s 4 ) ) + n l s i n 4 )  n ~ + ( l - n ~ ) e o s t h  J 

= r4 r5 r 6 
r T r s r  9 

Since the image coordinates (x, y) are related to the 
3-D coordinates through x = Xf/Z and y = Yf/Z, we 
get the following equations: 

x '  = (rlx + rzy + r3f) f 
(r7x + r8y + r9f) 

y ,  = (r4x + rsy + r 6 f ) f  
(r7x + rsy + r9f) 

In order to compensate for the image motion (u, v) 
of the point Po, which moves from (0, 0) to (u, v) at 
one time unit the camera has to be rotated by 4~, nl, 
and n2, where 

U = n2 f  tan 4~ 

v = - -n l f t an  4~ 

Taking at the center of the image the flow measure- 
ments (u, v) at the beginning of the tracking process 
at time tl, and assuming that the object doesn't change 
its distance Z1 to the camera, we can conclude that 
during a time interval At an image flow (u At, v 2~t) 
would be measured. The tracking motion necessary for 
compensation is given by 

uf 
Z--'~ = n2 tan 4~ 

But at time t2 the object has moved to distance Z2 and 
we measure a rotation 

uf_ - n~ tan q~' 

Figure 7 shows the relationship between the 3-D 
motion and the tracking parameter. Since 7-,2 - Z1 = 
W At, the change in the reciprocal of the rotation angle 
is proportional to W/U, because 

1 1 _ Z 2  - Z 1  _ W A t  
n2 tan ~ n~ tan if '  U At U At 

and the FOE (U/W, V/W) can be computed as 

1 U 
W 

and 

1 1 
n~ tan ~ '  n2 tan 

1 
1 f 

n] tan 4~' u At 

V 1 
- -  = 

W 1 f 
- n [  tan 4~' v zXt 

It remains to be explained how tracking is actually 
pursued, since we are facing the problem of a constantly 
changing local coordinate system. This is described in 
the appendix, which explains the computation of the 
tracking parameters. 

6. 3 Estimating the Time to Collision 

If the values of the motion parameters do not change 
over the tracking time, the value Z/W, the time to col- 
lision, expresses the time left until the object will hit 
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i P(t 2) WAt P(t2) 

P(t 1) 

Fig. 7. From the optical flow value, which is due only to translation parallel to the image plane, a translation of P from P(tl) to P(t2) is inferred, 
and therefore the tracking parameters (n 2, q~) are expected. But actually the point has moved to P(t~) and a rotation described by (n~, ~') 
is measured. 

the infinitely large image plane. A relationship between 
FOE and time to collision is contained in the scalar 
product of the optical-flow vector (u, v) with the vec- 
tors in gradient direction (nx, n~.): 

For the pixels in the center--for which we ignore 
the linear and quadratic parts in x, y, and Z - Zo/Z 
in the relation between optical flow and 3-D param- 
e ters-we get the relationship 

U f  Vf  : vn 7 n x + g n y  II II 

Uf Vf = v n Z 
-~  nx "4c -~ ny 11 11 7 

Since we know the FOE, we can compute the time 
to collision from this relationship, by measuring the 
normal flow value in all directions of the set and by 
solving an overdetermined system of linear equations 
through the minimization of the least squares error. At 
this point it should be mentioned that recent develop- 
ments on the use of divergence or curl and the theorems 
of Green or Stokes for deriving exact estimates of the 
time to collision without going through the intermediate 
stage of computing the motion parameters (Cipolla & 
Blake 1992) are only of thematic interest (qualitative 
vision) and so far of little or no practical value. The 
reason is of course due to the high order of derivatives 
employed and the underlying assumptions about con- 
tinuity and differentiability in the family of Green's 
theorems. 

7 Active Egomotion Recovery 

For an active monocular observer undergoing unre- 
stricted rigid motion in the 3-D world we compute the 
parameters describing this motion. Using a camera- 
centered coordinate system, the equations relating the 
velocity (u, v) of an image point to the 3-D velocity 
and the depth Z of corresponding scene point are 
(Longuet-Higgins & Prazdny 1984): 

u - ( -  Uf + xy ~ xf  f~ +o~- - f - [3  + +3'Y 

v - ( - V f  + + c~Y---~ + f l  - 1 3 7  - "rx 

where (U, V, W) denotes the translation and (~,/3, -y) 
the rotation vector. 

The number of motion parameters that a monocular 
observer is able to compute under perspective projec- 
tion is limited to five: the three rotational parameters 
and the direction of translation. We therefore introduce 
coordinates for the direction of translation (x0, Y0) = 
(Uf/W, Vf/W), and rewrite the right-hand sides of the 
above equations as sums of translational and rotational 
components: 

bt = Utran s --}- Uro t 

= ( - x 0 + x ) ~ + c ~ - ~ - - / 3  + + ' rY 

V = Vtran s -t- Vro t 

= (-Y0 + Y) N + o~ + - /3 - Vx 

Since we can only compute the normal flow, the pro- 
jection of the optical flow on the gradient direction 
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(nx, ny), only one constraint on the optical flow can be 
derived at any given poiint. The value u,, of the normal- 
flow vector along the gradient direction is given by 

Un = Unx + Uny 

I( W x y  ( ~ f ~ y ]  u n = - x  0 + x) 7 + a - 7  - t3 + + 3' nx 

+ -Y0 + Y) Z + a + --137--  flY 
(1) 

The above equation demonstrates the difficulties of 
motion computation using normal flow for a passive 
observer. There is only one constraint at every image 
point but there are five unknown motion parameters 
and every" new point introduces one more unknown (a 
scaled depth component -W/Z). However, the ability 
of an active observer to fixate at an environmental point 
and keep it stationary at the center of the visual field 
can be exploited to provide additional information and 
thus simplify the problem. The estimation of an active 
observer's 3-D motion relative to a static scene is ac- 
complished through four modules. 

1. Through the fixation and tracking of a point in the 
scene, additional information about the location of 
the FOE is derived. The FOE is constrained to lie on 
a straight line and this line also supplies partial infor- 
mation about the observer's rotation (section 7.1). 

2. Selected normal-flow values form a global pattern 
in the image plane which is defined by the coordi- 
nates of the FOE and one rotational parameter. 
Using the information provided by the previous 
module, locating this pattern amounts to one- 
dimensional search. This procedure provides a set 
of possible locations for the FOE (section 7.2). 

3. In order to further narrow down the possible loca- 
tions of the FOE and to compute the remaining rota- 
tional parameters, a process of "detranslation" is 
performed. For every candidate FOE provided by 
the previous module the normal-flow vectors which 
do not contain that translation are examined to find 
out whether they are only rotational (section 7.3). 

4. Finally, the fourth module (total derotation) elimi- 
nates all impossible solutions by checking the valid- 
ity of the five motion parameters at every image 
point (section 7.4). 

7.1 The Fixation Constraint 

Assume that an active observer in rigid motion is track- 
ing, as before, an environmental point whose image (x, 
y) lies at the center of the visual field ((x, y) = (0, 0)). 
Assume then that during a small time interval [t 1, t2] 
the motion of the observer remains constant and that 
during this time the camera, in order to correctly track, 
rotates around its X- and Y-axes with rotational velocities 
cox(t), coy(t) respectively, with t E [tl, t2]. The tracking 
rotation adds to the existing flow field (u, v) a rota- 
tional flow field (Utr, vtr), where 

Z + - /3 + + 3'Y 

v -  Z +o~ + - ~  - ' y x  

Utr = COx -- COY 7 "}- 

( y; xy 
Vtr = COx "4- -- COy y 

cox, coy are the tracking velocities at the time of the ob- 
servation, and Z is the depth of the tracked point. 

As before, if tracking rotation is represented by an 
angle ~b around a rotation axis (nl, n2, 0) with n 1, nz 
directional cosines, then the introduced flow (Utr, vtr) 
is given by 

Utr = n2f  tan 6 

vtr = - n l f  tan 6 

Since the camera is continuously tracking the point 
at the origin, at any time t ~ [tl, t2] the introduced 
tracking motion compensates for the existing flow there, 
that is, 

vf n2S tan dpt = z + ~ f  

Vf + c~f 
nl , f tan  ~b t = - Ztt 

with the subscript t denoting the time of observation. 
Writing the above two constraints at times tl and t2 and 
measuring the involved quantifies with regard to the 
coordinate system at the beginning of the tracking proc- 
ess, we have 

uf n2t f  tan ~bt, = ~ + /3f (2) 



The Ro le  o f  F ixa t ion  in Visual  M o t i o n  A n a l y s i s  177 

vf 
n l t f  tan (at~ = - Zt--~ + cef (3) 

tan 4~t= = Z~ + /3f (4) n2t=f 

vf 
n l J t a n  4~t~ = - Zt---~ + c~f (5) 

Subtracting (4) from (2) and (5) from (3), we obtain 

I 11 f (n2t ' tan 4~t~ -- n2t= tan 4~t~) = U f  Zt ' Z,= 

f ( n b ,  tan q~t~ - nb~ tan q~t~) = - V f  Zt~ Zt~ 

or by dividing 

V nl~ tan ~,= - nl,, tan q~t~ 

U n2~ tan ~t, - n2~ tan 6t~ 

In the sequel we denote the known quantity nl,~ tan 
4t= -- nlt, tall ~q/n2t, tan 6t, -- n2t= tan 4~t~ which is 
defined by the ratio of the tracking accelerations in the 
vertical and horizontal directions, by T. If (Xo, Yo) = 
( U f / W ,  V f / W )  is the FOE, the above equation becomes 
yo/Xo = V / U  = T, which is a linear constraint on the 
FOE. It restricts the location of the FOE to a straight 
line passing through the origin of the image coordinate 
system with slope T (see figure 8). 

Ly 

y 
e /  .I 

x 

Fig. 8. Fixation constrains the FOE to lie on the line y = Tx and 
provides the value for the ratio /3 + O.Jy/Og -{- ta2 x = - T  - 1  . 

7.2 Pat terns  o f  N o r m a l  F l o w  

Since the tracking rotation is only around the X- and 
Y-axes, it would be interesting to examine the structure 

of the normal-flow-field values not depending on rota- 
tion around the Z-axis. In other words, tracking adds 
a rotational field but does not affect the rotation around 
the Z-axis. 

In the sequel we concentrate on the normal flow vec- 
tors not containing rotation around the Z-axis, hereafter 
called ~/-vectors. There are all the normal-flow vectors 
perpendicular to circles with center at the origin of the 
image coordinate system. The lines defining the direc- 
tions of such vectors pass through the origin. Let us 
also call a "y-vector positive if it points in the direction 
(x, y) (figure 9); otherwise, its orientation is said to 
be negative. 

. . . "~ . . . .  .~" . , 
e, ° o°° ~ ° ° .  ~ " , ,  

Fig. 9. Positive y-vectors. 

First, we concentrate on the rotational component 
of the y-vectors: Along the positive direction, the rota- 
tional contribution is 

Urot(r, ~ b ) = - A  I ~  + f ~  sin q~ 

where A = a + wx, B = /3 + COy, r is distance from 
the image center and the angle 4~ is measured from the 
x-axis. Thus, the rotational component of the normal 
flow along a vector pointing away from the image center 
can be described by a trigonometric function with 
amplitude max (A, B) and period 2re. Along the line 
that passes through the image center and makes angle 
~b = arctan (B /A)  with the x-axis, the values of the "/- 
vectors are zero. This line divides the plane into two 
halves. In one half, the vectors point in the positive 
direction; and in the other half, they point in the nega- 
tive direction. In the future we simply refer to them 
as positive and negative vectors (figure 10a). 

We now turn our attention to the translational com- 
ponent of the 3,-vectors: The translational component 
of the motion field is characterized by the location of 
the FOE in the image plane. The "/-vectors lie on lines 
passing through the image center and the optical-flow 
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Fig. 10. (a) The "v-vectors due to rotation separate the image plane 
into a half-plane of positive values and a half-plane of negative values. 
(b) The 3,-vectors due to translation are negative if they lie within 
the circle defined by the FOE and the image center and are positive 
at all other locations. (c) A general rigid motion defines an area of 
positive T-vectors and an area of negative ,,/-vectors. The rest of the 
image plane is not considered. 

values due to translation lie on lines passing through 
the FOE. These two lines are at right angles for all 
points on a circle that have the FOE and the image 
center as diametrical  opposite points. At these points 
the -/-vectors' translational components vanish. Thus, 
the geometric locus of  all points where there is zero 

translational normal flow is a circle. The diameter of  
this circle is the line segment connecting the image 
center and the FOE.  At all points inside this circle the 
two lines enclose an angle greater than 90 o and the nor- 
mal  flow along the q~-vector therefore has a negative 

value. The normal flow values outside the circle are 
positive (figure 10b). 

In order to investigate the constraints associated with 
a general motion, the geometrical  relations derived 
from rotation and from translation have to be combined. 
A circle separating the plane into positive and negative 
values and a line separating the plane into two half- 
planes of opposite sign always intersect (in two points, 
or  one point in case the line is tangential to the circle), 
because both the line and the circle pass through the 
origin. This splits the plane into areas of only positive 
or  only negative 3,-vectors, and into areas in which the 
rotational and translational flows have opposite signs. 
In the latter areas, unless we make depth assumptions, 
no information is derivable (figure 10c). 

We thus obtain the following geometrical  result for 
the case of  general motion: Points in the image plane 
at which the gradient direction is perpendicular  to 
circles around the image center can be separated into 
two classes. For  a given FOE,  and for a line through 
the image center which represents the quotient of  two 
of  the three rotational parameters,  there are two geo- 
metrically defined areas in the plane, one containing 
positive and one containing negative values. We call 
this strucazre on the ,y-values the 3,-pattern? It depends 

on the three parameters x 0, Y0 and B/A. If  we can 
locate this pattern through some search then in effect 
we have located the position of the FOE and the value 
B/A. The q/-pattern depends on three parameters,  but 
the constraints derived from fixation (previous section) 
reduce the search for the pattern's posit ion to only one 
dimension. 
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Indeed, from equations (2) and (3) at the origin we 
have 

nb f tan 6t, - e~f V 

n2 t f  tan ~t, - 13f U 

Since at the center nlt, f tan ~t, is equal to -OJxf 
and net, f tan 4~ is equal to -O~yf, we obtain 

~ o x + a  _ A  _ V = _ Y0_ = - T  
Wy+/3  B U x o 

or B/A = - T  -1 and yo/xo = T. 
In other words, tracking provides not only the line 

yo/xo = T on which the FOE lies, but also defines the 
line y = (B/A)x which separates positive and negative 
rotational flow. This reduces the search for the pattern 
of figure 10c to one dimension. We simply search for 
a circle with diameter the segment connecting the origin 
with a point along the line y/x = T This is a robust 
procedure as it only utilizes the sign of the normal flow. 
If a wide-angle lens or logarithmic retinae (Tistarelli 
& Sandini 1992) is employed, most of the directions 
representing the FOE lie in a bounded area of the image 
plane. Alternatively, in order to cover all possible cases, 
the search can be realized in the stereographic space 
(Sohon 1941) where the space of all orientations is 
bounded. 

Pattern matching, since it does not utilize all values 
of the normal flow, may provide a set of solutions for 
the location of the FOE. To further narrow down the 
space of possible FOE location and to estimate the rota- 
tional parameters, the process of detranslation (next sec- 
tion) is performed. 

7.3 The Process of  Detranslation 

By detranslation we refer to the process that, given the 
position of the FOE, selects the normal-flow vectors 
due to rotation only. Indeed, if the location of the FOE 
is given, the directions of the translational-motion com- 
ponents are also known. The translational vectors lie 
on lines passing through the FOE. The normal-flow 
vectors perpendicular to these lines do not contain 
translational components; they have only rotational 
components, (A, B, C). This can be seen from equa- 
tion (1). If the selected gradient direction at a point 
(x, y) is ((Y0 - Y), (-x0 + x)) the scalar product of 
the translational-motion component and a vector in the 
gradient direction is zero (figure 11). 

Fig. It. Normal-flow vectors perpendicular to lines passing through 
the FOE are due only to rotation. 

For each of the possible solutions (x0;, Y0i), i = 1, 
. . . .  n, for the FOE provided by the pattern matching 
of the previous section, the normal-flow vectors perpen- 
dicular to the lines passing through (Xoi , Yo) have to be 
tested to determine if they are only due to rotation (see 
figure 11). This results in solving an overdetermined 
system of linear equations, with two unknowns, since 
the ratio B/A is already known. 

Indeed, suppose that we want to test if (x0~, Y0;) is 
the correct location of the FOE. Consider all normal- 
flow vectors  ~ni = Uni(nxi , nyi) , i = 1 . . . . .  k, perpen- 
dicular to the lines passing through (x0~, Y0~). Then, 

[ A x y  ~ x f f ~ C y ]  uni = 7 - B + + nxi 

xy 

and since A/B = -T, we have 

i = 1 . . . .  , k  
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So, if the above k linear equations in the two un- 
knowns B, C are consistent, then we have found a possi- 
ble FOE ((xoi, Yol)) and we have computed its corre- 
sponding rotation. 

7.4 Complete Derotation 

Assume that the previous processes do not provide a 
single solution but a set of solutions S = {sl, s2 . . . .  , 
sn} with si = (Xo i, Yo~, ai, Hi, ~/i) candidate egomotion 
parameters. In order to eliminate all motion parameters 
that are not consistent with the given normal-floe,, field, 
every normal-flow vector has to be checked. 

This check is performed using a "derotation" tech- 
nique. For every parameter quintuple of S, a possible 
FOE and a rotation is defined. The three rotational 
parameters are used to derotate the normal-flow vectors 
by subtracting the rotational component (Urot, VroO. At 
every point the flow vector (Uder, Vder) is computed: 

Ude r = Unn x -- Urotnx 

Vde r = IAnny -- Vrot/'ty 

If the parameter quintuple defines the correct solu- 
tion, the remaining normal flow is purely translational. 
Thus the corresponding optic-flow field consists of vec- 
tors that all point away from one point, the FOE (Horn 
& Weldon 1987). Since the direction of optical flow for 
a given FOE is known, the possible directions of the 
normal flow vectors can be determined. The normal 
flow-vector at every point is confined to lie in a half 
plane (see figure 12). The technique checks all points 
for this property and eliminates solutions that cannot 
give rise to the given normal-flow field. 

7.5 The Algorithm 

Assume that a rigidly moving observer is capable of 
tracking (with tracking velocities wx, Wy) an environ- 
mental point whose image is at the origin. Then, the 
following algorithm outputs the observer's motion. 

Step 1. The tracking acceleration provides a line y = 
Tx on which the FOE lies, as well as the ratio 
(o~ + O~x)/(t3 + O~y) (section 7.1). 

Step 2. Using the result of the previous step, a 1-D 
search along the line y = Tx for the pattern 
of figure 12c is performed to find solutions for 
the FOE. 

, ll ... U////j////// 
" ' '  F O E  "A 

Fig. 12. Normal- f low vectors due to t ranslat ion are cons t ra ined to 

line in half-planes.  

Step 3. 

Step 4. 

The previous step may provide a set S = 

{(x0~, Y0), (xo2Yo), . . . ,  (Xon, Yon)}- For each 
(x0i, Y0i) we perform the process of detransla- 
tion, which may have two consequences. One 
would be to reject (x0i, Y0g) as a possible solu- 
tion and the other would be to accept it with 
the computed rotation (Ai, Bi, Ci). 
Step 3 may provide a set S of candidate solu- 
tions for the translation and the rotation: 

S = {(x01, Y0i, A1, B1, C1) . . . . .  

(Xon, Yon, An' Bn'  Cn) } .  

In order to reject impossible solutions com- 
plete derotation is performed to check every 
single normal flow vector for consistency with 
the motion parameters. 

8 Experiments 

We have tested the technique of computing object 
motion on synthetic imagery by using the graphics 
package Swivel. In this way we were able to simulate 
object motion as well as camera rotation. In order to 
analyze the robustness of the method, we evaluated the 
accuracy of the normal-flow values in the center of the 
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images. At every point we determined Vast, the projec- 
tion of the known optical flow value on the gradient 
direction computed there. The error (err) in the normal- 
flow values was defined as standardized difference be- 
tween v~t and the normal-flow value, Vmeas (err = (Vact 
- Vme~s)/Vact%). This way we computed an average 
error of 76.14% and a standard deviation of 179.64% 
for the motion sequence at the beginning of the track- 
ing process. This constitutes a large error and is com- 
parable to errors appearing in noisy real imagery. 

The object displayed in figure 13 moves in the direc- 
tion U/W = 4 and V/W = 2, with an image motion 
at the center of u = 0.004 and v = 0.002 focal units, 
and we tracked it over a sequence of 100 images. 

Concerning the implementational details, we com- 
puted normal-flow measurements in 10 directions in an 
area of 9×9 pixels at the center of the image. When 
testing the first module, with which parallel translation 
is estimated, we used a threshold of 0.0002 focal units. 

Fig. 13. F i r s t  i m a g e  i n  t h e  s e q u e n c e  u s e d  fo r  t r a c k i n g .  

The method converges very quickly, usually after 2 to 
3 iterations. We added rotation of growing magnitude 
to the object motion, and it turned out that the algorithm 
converges for this set-up even for relatively large rota- 
tions. (The object was 25 units away from the camera 
and moved with translational velocity of U = 0.1, 
V = 0.05, W = 0.025 units per time unit and the method 
converges for rotations of up to 0.3 ° per time unit 
around the x-, y-, and z-axis.) Some graphical represen- 
tations are given: Figure 14 shows for the case of no 
rotation the three normal-flow fields that were com- 
puted in the 9×9 pixels large area, before convergence 
was achieved. In figure 15 two maximum normal-flow- 
vector sequences are displayed (a: for no rotation, 
b: for rotation Wx = 0.1 ~, ~oz = 0.1°). 

Using the estimates of parallel translation from this 
module and continuing with tracking over 100 steps 
resulted in FOE values of less than 15% error (e.g., 
for the case of no rotation we computed an FOE of 
U/W = 4.21 and V/W = 1.79). With these experiments 
we demonstrated that the technique to compute object 
motion can tolerate a large amount of noise in the input 
(normal flow). 

Especially we showed that tracking can be success- 
fully accomplished using only normal flow under noisy 
conditions and that tracking acceleration can be em- 
ployed for robust parameter estimation. 

Building upon a successful tracking mechanism in 
a second series of experiments we tested the last three 
modules of our egomotion recovery algorithm: pattern 
matching, detranslation, and derotation. Concerning the 
implementation of these modules we took the following 
approach: The elimination of impossible parameters 
from the space of solutions involves discrimination on 
the basis of quantitative values. We have implemented 

r r . . . .  t I [ 
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* ' ° * ' . 4 4  

Fig. 14. N o r m a l - f l o w  f i e l d s  f o r  a t r a c k i n g  s e q u e n c e .  
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O~ u = 0 . 6 4  ~ z.. ¢" 

~b~ u=0.9 ~'~@ 
~/ v = 0.0 

Fig. 15. Maximum normal-flow vectors for (a) no rotation and (b) rotation o~ z = 0.1°/At, ~z = O.l°/At. 

this in the following way: Normal-flow values in certain 
directions are selected, if they are within a tolerance 
interval 10 ° . This relatively large degree of freedom, 
of course, will introduce some error, but there is a 
trade-off between accurac3, and the amount of data used 
by the algorithm. In the pattern matching and the dero- 
tation modules counting is applied to discriminate be- 
tween possible and impossible solutions. The quality 
of the fitting, the "success rate," is measured by the 
number of values with correct signs normalized by the 
total number of selected values. The amount of rotation 
in the derotation module is computed through a simple 
linear least squares minimization and the discrimina- 
tion between accepted and rejected motion parameters 
is based on the value of the residual. 

In the pattern-matching and derotation modules no 
quantitative use of values is made, since only the sign 
of the normal flow is considered. This particular use 
of data makes the modules very robust, and the correct 
solutions are usually found even in the presence of high 

t f + ~ , ,, + , - +  + + ,,-',--"# ~ +  + 

t + ~ + . ~ + ÷ + . -  + ~ ~ . - ,  ~ , . - " +  

amounts of noise. To give some quantitative justifica- 
tion of this we define the error in the normal flow at 
a point as a percentage of the correct vector's length. 
Since the sign of the vector is not affected as long as 
the error does not exceed the correct vector in value, 
our "pattern fitting" and derotation will find the correct 
solution in all cases of up to 100% error. 

Several experiments have been performed on syn- 
thetic data. For different 3-D motion parameters normal 
flow fields were generated; the depth value within an 
interval and the gradient direction were chosen ran- 
domly, Pattern matching was tested by assuming knowl- 
edge of the fines y = Tx (where the FOE lies) and 
y = (B/A)x (which separates positive from negative 
rotational components) provided by the tracking con- 
straint. The set of possible solutions was then further 
reduced by detranslation and derotation which were 
implemented as described above. In all experiments on 
noiseless data the correct solution was found as the best 
one. Figure 16 shows the optic-flow field and the 
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Fig. 16. Flow vectors for synthetic image: (a) Normal-flow field. (b) Optic flow fidd. 
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Fig. 1Z (a) Positive and negative 3,-vectors. (b) Fitting of 3,-pattern: The line y = Tx on which the FOE lies and the line y = (B/A)x, which 
separates the rotational components, are found through the fixation constraint. 

normaJ-flow field for one of the generated data sets: The 
image size was 100xl00, the FOE was at ( -40 ,  -40)  
and the ratio of the rotational components was A : B : 
3  ̀ = 1 : -1  : 15. 

In figure 17 the fitting of the -/-pattern to the 3'- 
vectors is displayed. 

Points with positive normal flow values are rendered 
in a fight color and points with negative values are dark. 
Perturbation of the normal-flow vectors' lengths by up 
to 50 % did not prevent the method from finding the 
correct solution. 

As an example of a real scene the NASA-Ames se- 
quence was chosen. 4 The camera undergoes only trans- 
lational motion, and we added different amotmts of 
rotation: For all points at which translational motion 
can be found the rotational normal flow is computed, 
and the new position of each pixel is evaluated. The 
"rotated" image is then generated by computing the new 
grey levels through bilinear interpolation. The images 
were convolved with a Gaussian of kernel size 5 x5 and 
standard deviation a = 1.4. The normal flow was com- 
puted by using 3x3  Sobel operators to estimate the 
spatial derivatives in the x- and y-directions and by sub- 
tracting the 3 x 3 box-filtered values of consecutive im- 
ages to estimate the temporal derivatives. When adding 
rotational normal flow on the order of a third to three 
times the amount of translational flo,~, the exact solu- 
tion was always found among the best-fitted parameter 
sets. In figure 18 the computed normal flow vectors and 

the fitting of ,),-patterns for one of the "rotated" images 
are shown. 

Areas of negative normal-flow vectors are marked 
by horizontal fines and areas of positive values with ver- 
tical lines. The ground truth for the FOE is ( -5 ,  - 8 ) ,  
the focal length is 599 pixels, and the rotation between 
the two image frames is c~ = 0.0006, /3 = 0.0006, 
and 3' = 0.004. The algorithm computed the solution 
exactly. 

9 Conclusions 

It has been argued by psychologists that biological 
organisms use tracking in the motion-estimation proc- 
ess. Here, we have exploited the advantages of the track- 
ing activity to estimate egomotion and to solve for a 
monocular observer the problem of computing a moving 
object's translational direction and its time to collision. 
We have presented a complete solution to this task by 
showing how tracking can be pursued when only 
normal-flow measurements are used and how these 
parameters are of use in the 3-D motion parameter 
decoding strategy. The technique for estimating an 
object's motion consists of three modules. First, track- 
ing is used in combination with fixation to estimate the 
motion components parallel to the image plane. Second, 
tracking serves to compute the perpendicular transla- 
tional components and to estimate the FOE. The output 
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Fig. 18. N A S A  scene :  N o r m a l - f l o w  f ie ld  and  f i t t ing o f  3,-patterns. 

of these modules is then employed to estimate the time 
to collision. A theoretical analysis of the tracking 
algorithm in the first module has been performed and 
the convergence of the method has been proved. Exper- 
imental studies have been conducted on synthetic im- 
agery and yielded very good results. 

In contrast to the first method where an object- 
centered coordinate system is used, for egomotion esti- 
mation a camera-centered coordinate system is more 
appropriate. The main difference between the two algo- 
rithms described here lies in the fact that object motion 
is computed from local data while egomotion estimation 
is based on global data. The technique uses data from 
all parts of the image plane and exploits geometric rela- 
tions that are characteristic of a normal-flow field due 
to rigid motion. The algorithms can be regarded as a 
search technique in a parameter space where the use 
of fixation and tracking, along with an appropriate 
selection of normal-flow values, is used to reduce the 
dimensionality of the motion-estimation problem from 
five dimensions to one. 

The theoretical analysis and the experiments de- 
scribed in this article demonstrate that the introduced 
algorithms have the potential of being implemented in 
real hardware active-vision systems, such as the ones 
described in by Ballard and Brown (1992) and Pahlavan 
and Eklundh (1992). 

Appendix Computation of Tracking Parameters 

Unlike section 6.1 where a "simplified model" was 
used, here in order to compute the tracking parameters 
we must take into account the change of the local coor- 
dinate system. In addition, we show the necessary pa- 
rameter transformations between the coordinate systems. 

Assume first that the projection of parallel transla- 
tion at the beginning of the tracking process has been 
computed as described in section 6.1. From these meas- 
urements the rotational parameters 4h, nu ,  and n 2 A  

necessary to track for one time interval were derived. 
However, when continuing with tracking we must con- 
sider the fact that through the rotation of the image 
plane the local coordinate system attached to it changes 
also. At each tracking step, in the current local coordi- 
nate system an optical flow emerges that is due to the 
change in the Z-distance. The rotation necessary to 
compensate for this value has to be computed and is 
added to the old rotation. The summation of rotational 
vectors is justified, since we are adding a very small 
vector. 

The computation of the rotation vector from normal 
flow is performed as follows: In the new system the 
normal-flow vectors are computed in different direc- 
tions and the maximum value is taken. This vector span 
from (0, 0) to (un, vn). In order to compensate for this 
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vec tor  by rotation around the fixed x- and y-axes,  the 

point  (0, 0) and the point  (un, Vn) are transformed back 

to the o ld  system through the equat ions (Tsai & Huang 

1984; Fermfi l ler  & A l o i m o n o s  1992) 

(rlXnew + reYnew + r 3 f ) f  
Xold = (rTXnew + r8Ynew + r 9 f )  

(r4Xnew + rsYnew + r 6 f ) f  (6) 
Yold = (r7Xne w + r8Yne w + r 9 f )  

T h e  same formula  can be  appl ied to compute  f rom the 

coordinates  the necessary  rotat ion to t ransform one  

point  into the other. 
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Notes 

1. This is not true in the case of global constraints where data from 
the whole image can be utilized as, for example, in the estimation 
of egomotion (see section 7). However, when inference about object 
motion needs to be made, usually only local constraints can be 
employed. 

2. Passive navigation is a prerequisite for any other navigational abil- 
ity. A system can be guided only if there is a way for it to acquire 
information about its motion and to control its parameters. Al- 
though it is possible to obtain the necessary information by using 
expensive inertial guidance systems, it remains a challenge to solve 
the task by visual means. 

3. This pattern constitutes a class from a general class of global pat- 
terns of normal flow that can be used in motion analysis (Fer- 
miiller 1993). 

4. This is a calibrated motion sequence made public for the Workshop 
on Visual Motion, 1991. 
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