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Abstract

In thispaper, theproblemof simultaneousstructure frommotionestimationfor multipleindependently

movingobjectsfrom a monocularimagesequenceis addressed.Two Bayesianalgorithmsare presented

for solving this problemusing the sequentialimportancesampling(SIS)technique.The empirical pos-

terior distribution of object motion and feature separationparametersis approximatedby weighted

samples.The®rstalgorithmaddressestheproblemwhenonly two movingobjectsare present.A singular

value decomposition(SVD) basedsampleclustering algorithm is shownto be capableof separating

samplesrelatedto different objects.A pair of SISprocedures is usedto track the posteriordistribution

of the motionparameters.In the secondalgorithm,a balancingstepis addedinto the SISprocedure to

preservesamplesof low weightsso that all objectshaveenoughsamplesto propagateempiricalmotion

distributions.By using the proposedalgorithms,the relativemotionsof all movingobjectswith respect

to the cameracan be simultaneouslyestimated.Both algorithmshavebeentestedon syntheticand real

imagesequences.Improvedresultshavebeenachieved.
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EDICS: 2-SEQPImageSequenceProcessing;2-ANAL Analysis;2-SEGMSegmentation

I. INTRODUCTION

Visual motionanalysishasbeenan activeresearchareain the image/videounderstandingcommunity

for over two decades.A major issuein theareais to recoverthemotionandstructureof movingobjects

from an imagesequencerecordedby a monocularcamera,which is usuallyknown asthe structure from

motion (SfM) problem.Although the geometryof the SfM problemhasbeenwell understood,due to

the nonlinearityof the cameraprojectionmodeland the non-Gaussianityof imagemeasurementnoise,

researchefforts on solving the problemhave beenmainly focusedon scenarioswhen only one rigid

object is present,e.g.whena moving cameralooks at a staticobject.In this paper, we will addressthe

SfM problemwhenmultiple moving objectsare involved concurrently. Basically, we want to solve the

following problem.Givenan imagesequencecontainingtwo or more independentlymoving(with respect

to the camera)objects,the goal is to simultaneouslyestimatethe motion betweeneachmovingobject

and the cameraas well as the 3D structure of eachobject.We refer this as the Multiple Independently

Moving Objects Structure From Motion (MIMO-SfM) problem. Even though multiple independently

moving objectsareubiquitousin the real world andresearchershavebeentrying to solvethis problem,

it still remainsa big challenge,mainly becauseof a lack of robustalgorithmsfor the basicstaticscene

SfM problem.

Existing MIMO-SfM algorithmscan be roughly categorizedbasedon whetheroptical ¯ow or corre-

spondenceof featurepoint is used.Thepioneeringwork of MIMO-SfM usingoptical ¯ow wasproposed

by Adiv [1], whereunder the assumptionof piecewiseplanar scene,the ¯ow ®eld is ®rstpartitioned

into connectedsegmentsusing the generalizedHough techniqueand then the segmentsbelongingto

eachmoving objectaregroupedsuchthat all segmentsin onegroupcanbe explainedby a singlerigid

motion. Due to the assumptionmadeaboutthe scenestructure,this algorithmhasdif®cultiesin dealing

with imagesequencescontainingcomplex3D scenestructurewith rich higher-order3D curvedsurfaces.

Regardingusing featurecorrespondences,Costeiraand Kanadeproposeda multi-body factorization

method[2] to recovermotion and structureof multiple objects.This algorithmwas extendedfrom the
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factorizationmethodfor SfM by TomasiandKanadi[3]. Theshapeinteractionmatrix is usedto segment

out multiple moving objects.Although this factorization-basedalgorithm is elegant,the assumptionof

cameraimagingmodel is quite restrictive.

The extendedKalman®lter(EKF) hasbeenusedto solvethe problem.In [4], Darrell et al. proposed

an EKF-basedalgorithmbasedon a recursiveSfM algorithmpresentedby AzarbayejaniandPentlandin

[5]. The minimum descriptionlength (MDL) criterion is employedto determinethe minimum number

of modelsandtheir correspondingfeaturegroupsso that themodelscaninterpretthe featuretrajectories

in the associatedgroups.However, the recursiveSfM algorithmin [5] is not guaranteedto converge to

the true solution.AnotherMIMO-SfM algorithmproposedby SoattoandPerona[6] alsousesan EKF.

It is basedon a motion estimationalgorithm called essential®lter [7]. Becausethe relative motion of

objectsbetweenconsecutiveimageframesis computed,correspondencesbetweenadjacenttime instants

bearvery low signal-to-noiseratio (SNR).Due to inherentambiguitiespresentin theSfM problemusing

noisy observations,the essential®ltercould converge to falsesolutions.

Certainrestrictionson themovingobjects'trajectorieshavealsobeenaddedto helpsolvetheproblem.

In themethodsproposedby HanandKanade[8] andShashuaandLevin [9], thedynamicpoints(features

ondifferentmovingobjects)movingalongstraight-linepathswith constantvelocityhavebeenconsidered.

Although improvementscan be achievedby restrictingthe object motion, potentialapplicationsof the

algorithmsaregreatlydiminished.

Recently, Bayesianalgorithmsfor staticsceneSfM havebeendevelopedto dealwith nonlinearityand

measurementerrors.The BayesianSfM algorithmusing the SIS technique[10] hasbeenshownto be

resistantto imagemeasurementerrorsandalsobe able to handlemotion ambiguities.An algorithmfor

moving object detectionfrom a moving camerapresentedin [11] is also basedon the SIS framework.

Encouragingresultshavealso beenreported.This researchindicatesthat the SIS techniqueis a very

promisingway to solving the MIMO-SfM problem.

SISis a recentlyproposedtechniquefor approximatingtheposteriordistributionof thestateparameters

of a dynamicsystem[12]. It is a useful tool for solving problemswith non-linearity, non-Gaussianity
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andmulti-modalities.In SIS,weightedsamplesareusedto describetheposteriordistributionof thestate

parametersandthesesamplesarepropagatedfrom onetime instantto thenext to capturechangesin the

target distribution.The samplesand weightsareusedto computethe statisticsof the statevariablesof

interest,e.g.meanandmodes.

In this paper, two algorithmsarepresentedto handledifferentscenariosin the MIMO-SfM problem.

The ®rstapproachis restrictedto solving theproblemwhenonly two objectsarepresentandthesecond

onehandlesmoregeneralcaseswith two or moreobjects.Featurecorrespondencesare the input to the

algorithms.We assumethe perspectivecameraprojection model and rigid moving objects.No other

assumptionsabouteither the 3D scenestructureor objectmotion aremade,

SolvingtheMIMO-SfM problemusingSISis not assimpleasit appears.Ideally, whenin®nitenumber

of samplesare used,the moving object detectionalgorithm proposedin [11] is able to simultaneously

estimatethe motion parametersfor eachindependentlymoving object. In practice,sinceonly a ®nite

numberof samplescan be used,samplesof different moving objectswill competeagainsteachother

for the offspring at the resamplingstep.It is very likely that one object cannotget enoughsamplesto

representits motionsothat this objectis eliminatedfrom thecompetitionfor samplesandits motionand

structurecannotbe recovered,i.e. this objectmay just disappearfrom the SIS procedure.To dealwith

this issue,different strategiesare suggested.In the ®rstapproachfor two moving objects,two separate

SIS proceduresare invoked, so that eachof them is responsiblefor the propagationof the samples

andweightsof the motion parametersassociatedwith onemoving object.In the secondapproach,only

one SIS procedureis employedand an additionalstepcalledbalancingis introduced,which keepsthe

numbersof offspring of all potentialmoving objectcandidatesapproximatelyequal.

The organizationof the paperis as follows. In Section2, we brie¯y introducethe SIS methodand

review relatedwork on SfM for static scenes.The two approachesare then discussedin Section3. In

Section4, experimentalresultsobtainedusing both syntheticand real imagesequencesare presented.

Conclusionsandfuture researchdirectionsaresummarizedin Section5.
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I I . BACKGROUND

To solvetheMIMO-SfM problem,we would like to ®ndoptimalestimatesfor objectmotion,structure

andfeaturesegmentation,which canprovidethebestinterpretationof theobservationsusingcriteriasuch

as the maximuma posteriori probability (MAP). In this paper, ���������	��
��

���������������������������
���������� , the

posteriordistributionof theparameters,is approximatedusingrandomsamplingmethods.In this way, a

muchclearerpictureof the structureof solutionspacecanbe provided.Not only the optimal estimates

canbe found, the uncertaintyof the estimatescanalsobe captured.

A. Sequential Importance Sampling

TheSISmethodis arecentlyproposedtechniquefor approximatingtheposteriordistributionof thestate

parametersof a dynamicsystem[12]. Usually, the statespacemodelof a dynamicsystemis described

by observationand stateequations.If the measurementis denotedby y � andthe stateparameterby x � ,

the observationequationessentiallyprovidesthe conditionaldistribution of the observationgiven the

state, 
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It can be shown [12] that 5�. <K>L@

�	'#(
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is properly weightedwith respectto -

�	'#( . Hence,the

aboveSIS stepscan be appliedrecursivelyto get the properlyweightedset for any future time instant

when the correspondingobservationsare available.It is not dif®cult to show that given the properly

weightedsamples5
.

�

8 with respectto the joint posteriordistribution -

�

�/.

�

� , the ªmarginalº samples

formedby the componentsin 5
.

�

8 of x7 areproperlyweightedby the samesetof weightswith respect

to themarginal posteriordistribution -

�

� x 7 � . Oncetheproperlyweightedsamplesof the joint distribution

areobtained,the marginal distributionsareapproximatedby the ªmarginalº samplesweightedusingthe

samesetof weights.

The choiceof the trial distribution E

�M'N( is very crucial in the SIS proceduresinceit directly affects

the ef®ciencyof the proposedSIS method.In our approach,we use

E

�	'#(

� x �	'#(

�R.
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� x�M'N(

� x �

�

where &
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� x �	'#(

� x�

� is the onestepMarkov transitionprobabilitydensityfunction(PDF). In the compu-

tationof cameramotion, it describescameramotion transitionfrom onetime instantto thenextandwill

be usedto updatecameramotionsamples.The incrementalweight P

�	'#( is proportionalto  �� y
�M'N(

� x�M'N(

� ,

theconditionalprobabilitydensityfunctionof theobservationsgiventhestatesample.It is alsoknownas

the likelihood functionof the statesamples.In SIS,an additionalresamplingstep[12] often follows the

sampleweight evaluationafterdrawingnewsamplesfor thecurrentstate.A majorbene®tof resampling

is to statistically reducebad samples(with small weights)and encouragegood samplesso that good

sampleswill produceenoughnumberof offspring to describethe distributionof future states.

B. Structure from Motion Using SIS for Static Scenes

TheSIS techniquehasbeenusedin solving theSfM problemfor staticscenes.In [10], cameramotion

and scenestructureparametersare estimatedfrom 2D feature trajectoriesusing SIS. To reducethe

computationalload andmakethe problemsolvableusingsamplingbasedmethods,decouplingbetween

cameramotion andstructureparameterswasperformed.A recursiveSIS-basedalgorithmwas®rstused

to track the empirical posteriordistributionof the cameramotion parameters.Thenthe depthvaluesof
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Fig. 1. Motion parametersof a moving camera.

the featurepointson thestaticscenewerecomputedusingthecameramotionestimatesby triangulation.

To makethis papercomplete,a brief review of [10] is given below.

CameraMotion Parameters:Assumethat the camerais moving and the sceneis static.We would like

to computethe global overall motion of the camerain a world coordinatesystem.Anothercoordinate

systemsticks to the camera.Let the positive directionof the � axis of camerasystempoint to camera

looking direction and the cameracenterbe its origin point. The cameraand world coordinatesystems

initially coincide.Whenthe cameramoves,camerasystemtravelswith the camera.As shownin Figure

1, the following parametersareusedto representthe global cameramotion:

m 0;�����

)

���

)

���

)�� )
	

� (1)

where �����

)

���

)

����� are the camerarotation anglesbout the axesof world systemand �

� )�	

� are the

elevationandazimuthanglesof thecameratranslationdirection.Theunit vectorin thetranslationdirection

is given by T �

� )
	

� 0 ����
����

�

�������I�

	

�

)

��
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�

����
��#�

	

�

)

�����I�

�

�,��� . Also be noted that the cameramotion

parametersareall relativeto the world coordinatesystem,andit is not the instantaneouscameramotion

betweenconsecutivetime instants.In this way, the translationcan be accumulatedover time and the

scenestructurecanbe accuratelyestimated.

CameraMotionandSceneStructure EstimationUsingSIS:During thecomputationof thecameramotion

parameters,randomsamplesaredrawnfrom thecameramotionparametersspace.Theepipolarconstraint
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[13] is then used to evaluatethe samplesweights. Recall that the epipolar constraintsays that the

perspectiveprojectionsof a 3D point on the two imageplanestaken from different viewpoints lie on

their correspondingepipolarlines,which arethe intersectionsof the two imageplaneswith the epipolar

planecontainingthe 3D point and the two cameracentersbeforeand after cameramovement,of the

camera.Giventhe imagepositionof a point in oneview andcameramotionparametersbetweenthe two

views, the epipolarline relatedto this point in the otherview canbe easilydeterminedandthe epipolar

distancecanbecomputed.During thesampleweightevaluation,thesmallertheresultantepipolardistance

is, the larger the weight. After weight evaluation,new samplesare drawn using kinematicsmodelsof

the camera.The empiricalcameramotion distributioncanthenbe propagatedthroughout the sequence.

Oncethe cameramotion is estimated,scenestructureis determinedby triangulation.See[10] for a full

treatmentof SfM usingthe SIS techniques.

I I I . BAYESIAN MULTIPLE INDEPENDENTLY MOVING OBJECT STRUCTURE FROM MOTION

Two approachesfor simultaneousestimationof motionandstructureof multiple independentlymoving

objectsarepresentedin this section.The ®rstoneis designedfor the casewhenonly two independently

moving objectsare involved and the seconddealswith more complexscenarioswhen thereare more

than two moving objects.Before the presentationof the algorithms,we would like to formulatea state

spacemodel for objectmotion andfeaturesegmentation.

A. A State SpaceModel

In the MIMO-SfM problem,object motions,structuresand featuresegmentationneedto be solved.

Similar to [10], object motion and featuresegmentationare ®rst solved and then object structureis

recovered.

CameraMotion Parameters:Therelativemotionbetweeneachobjectandcameraneedsto beestimated.

Either theobjector the cameracanbeassumedto be static.In our approach,we assumethat the objects

are static and the cameramotion relative to individual object is estimated.Oncethe cameramotion is
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obtained,it is very straightforwardto computethe object motion relative to the cameraif it is desired.

The cameramotion parametersusedis given by (1).

Feature SegmentationParameters:Trajectoriesof featurepointsareusedasmeasurements.Thesepoints

belongto differentmovingobjects.The taskof featurepoint segmentationis to clusterthe entirefeature

set into multiple subsets,onefor eachobject.To representthemembershipof the featurepoints,we use

thevalidity vector � , introducedin [11]. If therearetotal
�

featurepointsused,� is an
�

-dimensional

vector. Eachfeaturepoint hasa correspondingentry in � , which indicatesthemembershipof the related

featurepoint.

Thecompletestatevectordescribingcameramotionandfeaturesegmentationis givenby x �

06� m �
)

�

�

�

Givena statesample,themotionparametersrepresentthecameramotion relativeto a particularmoving

object.Associationsof featurepoints to this moving object are describedby the validity vector in the

samestatesample.If the valueof the entry in the validity vectorof a featurepoint is positiveandhigh,

it is very probablethat this featurepoint belongsto this object.

CameraKinematicsandProjectionModels:Giventheabovestatevector, a dynamicsystemcanbeused

to describethe behaviorof a moving cameraobservingmultiple independentlymoving objects:

x�	'#(

0 x �

" n � (2)

y
�

0 �����!F � x�
)��

�

� " n � (3)

����� F��

+

� denotesthe perspectiveprojection,a function of cameramotion, featuresegmentationand the

scenestructure.n � denotesthe dynamicnoisein the system,describingthe time-varyingpropertyof the

statevectorand it containsboth the dynamicnoiseof the cameramotion and the validity vector. Even

thoughtheassociationsof the featurepointscouldbe®xedif we assumethatno objectsplitting/merging

occurredduring the observationperiod,validity vectorsarestill time varying during the SIS procedure.

By allowing the validity vector to be time-varying, the resulting temporal integrationof the feature

segmentationmakesthe featuresegmentationresultsmorerobustto measurementerrors.
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B. Two Independently Moving Object Structure from Motion

Recall that in the SIS procedure,thereare two essentialstepsfor sampleand weight propagationin

time: drawingnew samplesandupdateweights.

Drawing Samples:Given statesamplesfor the previoustime instant,samplesfor the current time are

drawnfrom a trial function.Althoughany trial functioncanbe used,to designeffective SIS algorithms,

trial functionsthat can describethe dynamicsof the systemare desired.For motion parameters,as the

prior knowledgeaboutmotionparametersis not available,therandomwalk modelis a suitablealternative

for modelingthecamerapositionandorientation.Therefore,themotionsamplesat ��" $ aredrawnusing

m �	'#(

0 m �

" n
B

(4)

wheren
B

representsthe dynamicnoiseof the motion parameters.Similarly, the validity vectorsample

at ��"2$ areobtainedas

�

�	'#(

0�� �

�

"���� m�
) y

�

� " n � (5)

wheren � is the dynamicnoisein the validity vectorand � is an exponentialforgetting factor. Both of

themrepresentthe possibletime-varyingnatureof the validity vector. ���

+

� is a function usedto update

the currentvalidity vector. In this paper, different forms of ���

+

� are applied,dependingon the tasks.In

the caseof two moving objects,elementsof ���

+

� arecomputedas

��7�� m �,) y
�

� 0

��

�

�

�

��

�

�
	
) if �

7��
�

�
	




�

��	
) otherwise

(6)

where ��7 02� � m �,) y <

7

@� � is the distancefrom the � th featurepoint to its associatedepipolarline given the

motion parametersm � . �

�
	 is a prechosenthresholdfor this distanceaccordingto the featuretracking

error level. In our experiments,the values �

��	 areusuallytwice aslarge asthe standarddeviationof the

featuretrackingerrors.

WeightEvaluation:SincethestatetransitionPDFis usedfor drawingnewsamples,thelikelihood function

of the observationgiven the statesamplesis usedto computethe sampleweights.It is given by

 �� y�
� x �

��������� ��� ����� �
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and * is given by

*
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�

7�1 2

�
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�����

*
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�/�L�

�

7�1 2

�

'
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���

<

�

@

� � � is an indicator function. It returnsone if  �� � � is true or zerootherwise.

SampleClustering:Sincethecameramotionandfeaturesegmentationsamplesrelatedto differentobjects

are mixed, we would like to clusterstatesamplesbelongingto the sameobject and then usedifferent

SIS procedureto propagatesamplesto differentobjects.

Assumethat two movingobjects,� and � , arepresentin the imagesequence.Therearetwo different

kindsof validity vectorsamples,onefor eachmovingobject.Thesetwo kindsof samplesaresymmetric

in thesensethatfor samplesof object � , theentriescorrespondingto thefeaturepointson object � have

high positive valuesand the entriescorrespondingto the featurepointson object � havelow negative

values,and vice versa.Moreover, due to the symmetricnatureof updatingthe validity vector samples

usedin the trial function (19), the additive inverseof a samplerelatedto object � canbe viewedas a

sampleof object � and the samplemeansof the two setsof validity vector samplescorrespondingto

objects � and � , which canbe approximatedby the validity vectorsobtainedusingtrue objectmotion,

aremutually additive inversesto eachother. This symmetricstructuremakesit possibleto be clustered

into two setsof samplesusingthe singularvaluedecomposition(SVD).

Let the samplesof the validity vectorafter resamplingbe 5 �

<K>L@

8��

>

9

(

, where � is numberof samples.

Let the matrix

V 0

�

�

<

(

@

)

�

<

*

@

)�+�+�+,)

�

<

���

(

@

)

�

<

�

@��

�

be the validity matrix.

Proposition1: If 5 x 7�8�B

7:9

(

, the rowsof an ��� � matrix A, are eithersamplesrandomlydrawn froma

distribution - � x � or the additive inversesof suchsamples,then the right singular vectorcorresponding
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to the the largestsingular value is proportional to the meanof - � x � whenthe numberof samplesgoes

to in®nity.

Proof: The singularvaluedecompositionappliedto a matrix A is as follows:

A 0 USV� (10)

0 �/

�

9

(

�

� u � v �

� (11)

whereU ( � � � ) and V ( � � � ) are two unitary matricesand 5 u �

8 and 5 v �

8 are the columnvectors

of the two matrices.S is a diagonalmatrix with non-negativedecreasingsingularvalues 5
�

�

8 alongthe

diagonal.Determiningthe largestsingularvalue �

( and its correspondingleft andright singularvectors

u ( andv ( is equivalentto solving the following optimizationproblem:
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7

is either a samplerandomlydrawn from - � x � or the additive

inverseof sucha sample,statistically, the absolutevaluesof 5
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areequal.Therefore,
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where � ( is thesetof indicesof rowscontainingsamplesdrawnfrom - � x � and �

* is thecomplementary

to � ( . Notice that 5


 x 7�8�7�1��
�

aresamplesfrom - � x � . Hence(14) canbe rewrittenas
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v
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x
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where 5 x
>

8
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>
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aresamplesfrom - � x � . From the Law of Large Numbers,it follows that
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Hencewhen � goesto in®nity, v ( canbe obtainedas

v (
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v
�

5
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 v
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8 (17)
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Thus v ( is proportionalto the minimum meansquareerror (MMSE) estimateof x, which is given by

the conditional mean,
�

� x �K5 x
>

8

B

>

9

(

�

. When � goesto in®nity, it is equal to the unconditionalmean

�

� x
�

0�� x ��- � x � .

Dueto thesymmetricstructureof thesamplesbelongingto thetwo movingobjects,thevalidity matrix

can be viewed as a matrix containingeither samplesfrom a distribution - � � � or the additive inverses

of the samplesfrom the samedistribution. Therefore,accordingto the aboveproposition,when the

numberof samplesis large enough,the right singularvectorcorrespondingto the largestsingularvalue

approachesthe meanof - � � � . As a result,we havethe following algorithm for clusteringthe samples

of the motion parametersandthe validity vectorsof two moving objects.

SVD-basedSampleClusteringAlgorithm

1) Constructthe validity matrix V using the samplesof the validity vector by addingthem to the

rows of V.

2) ComputetheSVD of thevalidity matrix V. Find the largestsingularvalue ��� andits corresponding

left andright singularvectorsu � andv � . Compute �v � , the additive inverseof v � by changingthe

signsof all entriesin v � . Let �

B

be the minimum numberof featurepoints requiredin solving

SfM (e.g. in the caseof a calibratedcamerasevenpointsare suf®cientto uniquelydeterminethe

motion andstructureparameters[14]). If the numberof positive entriesin eitherv � or �v � is less

than �

B

, the samplescannotbe correctlyclusteredat the currenttime instant.Skip the remaining

stepsin the sampleclusteringalgorithmandreturnto the main SIS procedure.

For eachrow of the validity matrix V 0;5 v
<

7

@

8 ,

3) Separationsamples.If thenumberof commonpositiveentriesin v
<

7

@

andv � is larger thanor equal

to �

B

, the � th motion andvalidity vectorsamplex
<

7

@

is segmentedto cluster .

( . If thenumberof

commonpositiveentriesin v
<

7

@

and �v � is larger thanor equalto �

B

, x
<

7

@

is segmentedto cluster

.
*
. It is possiblethat x

<

7

@

belongsto both clustersor neither. The samplesbelongingto the two

moving objectshavebeensegmentedout into two clusters,.

( and .
*
.

Oncethe samplepopulationis clusteredinto two setsrelatedto the two moving objects,the motion
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andstructureof eachobjectcanthenbe estimatedseparately. The overall algorithmfor the caseof two

independentlymoving objectsSfM is describedbelow.

SISProcedure for Two IndependentlyMoving Objects

1) Initialization.Draw samplesof themotionparameters5 m <K>L@

�

8�B

>

9

(

from theinitial distribution -

� . -

�

describesthedistributionof motionparametersm � beforethecameramoves.Althoughtherotation

angles� andthetranslationalvectorareall zero,the translationalanglesareuniformly distributed.

Hencein the statesamples,the rotationanglesareset to zeroand translationdirectionanglesare

drawnfrom the uniform distributionin � �

)

-

�

and � �

)��

-

�

, respectively. The validity vectorsamples

areset to one.Assignequalweightsto thesesamples.

For � 0H$

)�+�+�+�)�� :

2) Samplegeneration.Draw samplesof the motion parametersat time instant � , 5 m <?>,@�;8�B

>

9

(

, from

the distributionsof 5 m <?>,@

�

�

(

8�B

>

9

(

" �

B

. Sincevideo sequencesare usedhereas the imagesources

insteadof setsof imageframesin arbitraryorders,a randomwalk dynamicmodelis assumedand

the following distributioncanbe usedasa goodapproximationto that of �

B

:
�

�

�

�

�

�

�

�����
	 �6� �

)

,��

�

)�
��

5��

)�� )��

8

��� 	 ���


��

�

)

�

� �

)����

5

� )
	

8

(18)

where ,�� ,��� and ��� canbe chosenassomepositivenumbers.Draw samplesof the validity vector

5 � <K>L@�;8�B

>

9

(

via (5), with function ���

+

� de®nedby (6).

3) Weight computationand resampling.Computethe weightsof the samples,5
C <K>L@�;8 , using the ob-

servedfeaturecorrespondencesaccordingto the likelihood equation(7). Theresultingsamplesand

their correspondingweights � x <?>,@�

)

CS<K>L@ �;� areproperlyweightedwith respectto -

�

� x �

� . Resamplethe

abovesamples.

4) Sampleclusteringand invocation of new SIS procedure.Apply the above SVD-basedsample

clusteringalgorithmto the sampleset.If the samplesbelongingto the two moving objectscannot

be clusteredinto two clusters,go to step2). Otherwise,one moreSIS procedureis invoked.The

currentSIS procedurewill keepthe propagationof samplesand weightsof the stateparameters

correspondingto the®rstobject,whoserelatedsamplesarein cluster�
( , andthenewSISprocedure
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will maintainthesamplesandweightsof thestateparametersof theotherobject,usingthesamples

in �

* . Thus, the motion/structureand validity vector relatedto the two moving objectscan be

simultaneouslyestimated.

By using the above SIS procedure,the posterior distributions of the cameramotion and feature

segmentationparametersrelatedto eachobjectcanbe approximatelydescribedby the resultingsamples

andtheir correspondingweights.For a samplesetrelatedto a moving object,the empiricalmeanof the

validity vectorcanbe input to clusteringmethodssuchas the k-meansalgorithm to determinethe ®nal

featuresegmentationof this moving object.

Inferenceof Depth Distribution: The posteriordepthdistribution of segmentedfeaturepoints for each

object can then be obtained.In [10], two algorithmsare presentedto ®ndthe posteriordistribution of

featuredepths.The discussionabout the inferenceof -

�

� z�

� basedon the resultsobtainedon -

�

�/.

�

�

is still valid. Hence,the posteriordistribution of the depthsof the segmentedfeaturepoints for each

moving object can be directly inferred using the samplesand weightsproperly weightedwith respect

to the posteriormotion distribution.Both algorithmsdevelopedin [10] canbe usedto ®ndsamplesand

weightsproperlyweightedwith respectto the posteriordistributionof featuredepths.

C. Multiple Independently Moving Object Structure from Motion

We now look at the moregeneralcaseof MIMO-SfM whentwo or moremoving objectsarepresent.

In this algorithm,the two stepsof sample-drawingandweight-evaluationarevery similar to thosein the

previoussection.The only changeis in the function � for updatingvalidity vectors.It is modi®edas

�
7

� m �
) y

�

� 0;�

�

�
	

�
7

" $

�

*




��� E �����	�
7��

�

�
	��

�

�
7

" $

�

�
	

(19)

where � 7 and �

�
	 havethe samemeaningsas the caseof two moving objects.

SampleClustering: The purposeof sampleclusteringis different from that in the previousalgorithm.

Hereonly oneSIS procedureis used.Statesamplescorrespondingto the sameobjectareclusteredand

the cameramotion andfeaturesegmentationwith respectto eachindividual objectcan thenbe inferred

usingtheclusteredsamples.A balancingstepis appliedin theSISprocedureto keepthesamplenumbers
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of all the candidatemoving objectscomparable.The statesamplesare clusteredaccordingto the signs

of the entriesof the validity vectorsamples.

Sign-basedSampleClusteringAlgorithm

1) Samplesorting. Let . 0 5 x
<

7

@

8 0 5 m
<

7

@

) v
<

7

@

8 be the samplesof motion and validity vectors

beforethe resamplingstep. � 0 5 w
<

7

@

8 be the correspondingweightsof the statesamples.Sort

the samplesaccordingto their weightssuchthat the ®rstsamplehasthe highestweight. Denote

the new sortedsamplesetandweight setby �

. and �

� , respectively.

2) Sampleclustercentergeneration.Startingfrom the®rstsamplein �

. , candidateclustercentersare

generatedby looking at the signsof the samplesin the new sampleset. Assumethat up to the

currenttime instant,thereare � clusters 5

�

�

8��

�

9

(

0 5
.

�

)

�

�

8��

�

9

(

and eachclusterhasa cluster

center. For a given statesample,ignore the entriesin the validity vector that havebeenoccupied

by any positive entry of the validity vectorsof the existing candidatecenters.If the numberof

remainingpositive entriesof the validity vector in the currentsampleis greaterthan or equalto

�

B

(the minimum requirednumberof featurepoints for solving SfM), a new candidateclusteris

generatedwith the currentsampleas the � " $ st clustercenter.

3) Sampleclustering.The samplesthat containat least �

B

positive entriesin the validity vector in

commonwith thenewclustercenteraresegmentedinto thenewcluster. Thusa newsampleweight

clusteris formed:

�

�

'#(

0;5
.

�

'N(
)

�

�

'#(

8

�

Go to step2 andlook for newcandidateclustercenters.Stopwhenall thesamplesin �

. havebeen

visited by the centergenerationstep.

4) Finalization.It is possiblethat a sampleis not assignedto any cluster. To preservethesesamples,

the samplesnot includedin any clusteraregroupedinto a new cluster. Hence,all the samplesin

�

. aresegmentedinto differentclusters.Eachclustercorrespondsto a candidatemoving object.

By usingthisclusteringalgorithm,thesamplesin �

. aresegmentedinto differentclusterscorresponding

to potentialmoving objects.
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WeightBalancing:To solvetheproblemof samplescompetitionbetweendifferentobjectfor thenumber

of offspring during the resamplingstep,a balancingstep is addedinto the SIS procedure.De®nethe

cumulativeweightof a samplesetas follows.

De®nition For a sampleweight cluster �

�

0 5
.

�

)

�

�

8 , �

� , the cumulative weight of �

� , is the

summationof the weightsin �

�

065
C <K>L@

�

8

B

>

9

(

, i.e. �

�

0

�

B

>

9

(

C <K>L@

� .

The following stepis addedinto the SIS procedure.

Balancingstep

1) Clusterweight evaluation.Assumethat after the implementationof the clusteringprocedure,�

sampleclustersare formed including the one producedin the ®nalizationstep. Computethe

cumulativeweight of eachsamplecluster.

2) Weight modi®cation.Sinceeachcluster shouldbe treatedequally in the resamplingstep in the

SIS, the cumulativeweightsof all the clustersshouldbe equalto � �30

(

�

. The sampleweights

in all the clustersneedto be modi®edso that the cumulativeweight of eachindividual cluster

equals � � . For a cluster �

�

0 5
.

�

)

�

�

8 , the weight modi®cationis done by multiplying the

weightsin �

� by a scalar �

�

0

���

��� where �

� is the cumulativeweight of the clusterbeforethe

weight modi®cationstep.This stepis calledweight-balancing. Denotethe weight-balancedcluster

by
�

�

�

0;5
.

�

)

�

�

�

8�0;5
.

�

)

�

�

�

�

8 .

Hence,we havethe following completeSIS procedurefor the multiple independentlymoving object

SfM algorithm.

SISProcedure for Multiple IndependentlyMoving Objects

1) Initialization. (Sameasthe initialization in the SIS procedurefor two moving objects)

For � 0H$

)�+�+�+�)�� :

2) Samplegeneration.Draw new samplesof motion parametersin the sameway that wasdescribed

in the SISprocedurefor two moving objects.Draw samplesof the validity vector 5 �

<K>L@�

8

B

>

9

(

using

(5), with function ���

+

� de®nedby (19).

3) Weightcomputation.Computetheweightsof thesamples,5
C

<K>L@�

8 , usingtheobservedfeaturecorre-
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spondenceaccordingto the likelihood equation(7). The resultingsamplesandtheir corresponding

weights � x <K>L@

�

)

C <K>L@

�

� areproperlyweightedwith respectto -

�

� x �

� .

4) Sampleclustering.Segmentall the samplesand weights into multiple clustersusing the above

sign-basedsampleclusteringalgorithm.

5) Weight balancing.Modify the weightsof the samplesin every clusteras describedin the above

weight-balancingmethodso that the cumulativeweightsof the clustersareequal.

6) Resampling.Resamplethe samplesin the clustersaccordingto the balancedweights.Thus, the

motion/structureand validity vector related to the two moving objects can be simultaneously

estimated.Go to step2 if the featurecorrespondencesfrom the next frameareavailable.

By using the above SIS procedure,the posterior distributions of the cameramotion and feature

segmentationparametersrelatedto eachobjectcanbe approximatelydescribedby the resultingsamples

andtheir correspondingweights.The samplesassociatedwith onemoving objectcanbe groupedusing

the sampleclusteringalgorithm.Similar to thecaseof two movingobjects,for a samplesetrelatedto a

moving object,the empiricalmeanof the validity vectorcanbe input to clusteringmethodssuchasthe

k-meansalgorithmto determinethe®nalsegmentationof thepointson this movingobject.Theposterior

depthdistributionof the segmentedfeaturepointsfor eachmoving objectcan thenbe obtained.

IV. PERFORMANCE ANALYSIS

The proposedmethodsfor the MIMO-SfM problemhavebeentestedusing both syntheticand real

imagesequences.

A. Two Moving Objects

In this experiment,an imagesequencewith a walking personwas usedto test the ®rstMIMO-SfM

algorithmfor two moving objects.Although therewasonly onewalking personin the imagesequence,

the cameracapturingthe video sequencewas also moving. Hencethe backgroundsceneis the second

moving object with respectto the camera.Featurepoints were detectedand trackedby using the KLT

featuretracker[15]. The trajectoriesof thesefeaturesaredisplayedin Figure2 (a). Someof the features



19

1

2

3

4

5

67

8

9

10

11

12

13

14

15

16

17

18
19

20

21

22

23

24
25

26

27 28
29

30

31

(a) (b) (c)

Fig. 2. The trajectoriesandsegmentationresultof featurepointsusingthe sequencewith a walking person.(a) showsfeature

trajectories.Featurepoint segmentationresultsusing the samplesof the validity vector from the SIS procedurecorresponding

to thescenebackgroundareshownin (b) and(c). The pointsbelongingto thepersonandthebackgroundaremarkedby circles

in (b) and(c), respectively.

areon thepersonandsomeon thebackground.By usingtheproposedalgorithm,the two setsof motion

andvalidity vectorsamplesrelatedto thepersonandthebackgroundcanbeseparated.Themarginalized

posteriordistributionsof themotionparametersassociatedwith bothmovingobjectsareshownby (a - e)

in Figures3 (person)and4 (background).In theseplots,distributionsof motion parametersat different

time instantsarelisted column-wise,from the top (thestartingtime instant)to thebottom(theend).The

solid lines in plots (f) in both Figuresshow the empirical meansof the validity vectorsrelatedto the

personandthebackground,respectively. The dashedlines describethe true segmentation.Theresultsof

featuresegmentationcan be found in Figure 2. Featurepoints on the personare markedby circles in

Figure 2 (b), and thoseon the backgroundin Figure2 (c). All ®fteenfeaturepoints on the personare

correctly segmentedwithout any false alarms.Thirteenfeaturepoints are correctly detectedout of the

sixteenpointson the background.

Ambiguitiesin Structure from Motion: In the presenceof featuretracking errors,ambiguitiesexist in

the estimationof cameramotion and objectstructure[16], [17]. For example,in this experiment,when

estimatingthemotionbetweenthebackgroundsceneandthecamera,ambiguitiescausedby theconfusion

betweenout-of-image-planerotation in-image-planetranslationwere observed.Ambiguities result in

multi-modality of the posterior. Each moderepresentsa possiblesolution of the motion and structure

parametersfrom thenoisyfeaturecorrespondences.In our algorithmusingSIS,this multi-modalityin the
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Fig. 3. The marginalizedposteriordistributionsof relative motion parametersbetweenthe walking personand the camera

in the real video sequence.(a), (b) and (c) are the posteriordistributionsof the camerarotation anglesabout the � , � and
�

axes,respectively. (d) and (e) are the posteriordistributionsof the azimuthand elevationanglesof the cameratranslation

direction,respectively. (f) showsthe samplemeanof the validity vectorobtainedby usingthe samplesfrom the SIS procedure

correspondingto the walking person.The dashed-lineshowsthe true segmentationof featurepoints. Featureswith positive

valuesbelongto the person.

posterioris clearlypicturedby distinctpeaksin the resultingempiricalposteriordensity. In this example,

therearetwo majormodesin theposteriorof the cameratranslationdirectionangle,asshownin Figure

4 (e). Thesetwo modesare approximatelyseparatedby a distanceof - . It indicatesthat thereare two

solutionsof translationdirectionsand the projectionsof thesetwo translationon the imageplaneare

roughly in oppositedirections.

By using the methodfor depth inference,the depthvaluesof featurepoints on eachobject can be

computed.Hence,part of the structureof eachobject at the featurepoints can be recovered.Figure 5

showsthe reconstructed3D modelof the upperbody of the person.Sincetwo solutionsof background

motion exist, two setsof depthvalueswere obtainedfor the featurepoints on the backgroundscene.

Most of the correctly segmentedfeaturepoints on the backgroundsceneare aroundthe bookshelf.3D

modelsof scenenearthe bookshelfcanbe reconstructed.They areshownin Figures6 and7. It canbe

seenthat the modelshownin Figure6 is the true one.
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Fig. 4. The marginalized posteriordistributionsof the relative motion parametersbetweenthe scenebackgroundand the

camerain the real video sequencecontaininga walking person.(a), (b) and (c) are the posteriordistributionsof the camera

rotationanglesaboutthe � , � and
�

axes,respectively. (d) and(e) arethe posteriordistributionsof the azimuthandelevation

anglesof the cameratranslationdirection, respectively. (f) showsthe samplemeanof the validity vector obtainedby using

the samplesfrom the SIS procedurecorrespondingto the background.The dashed-lineshowsthe true segmentationof feature

points.Featureswith positivevaluesbelongto the background.

B. Multiple Moving Objects

ExampleOne: In the®rstexample,a sequencewith threewalking peopleis used.Fifty featurepointson

the walking peoplearedetectedafter backgroundsubtractionandtheir trajectoriesare shownin Figure

8 (a), superimposingon the ®rstframeof the sequence.Let us numberthe peoplein Figure8 (a) from

the left to the right. Featuresegmentationresultsof different personare shown by Figure 8. Several

featureson the secondperson's legs were not correctly marked.The reasonis that thesefeatureswere

not correctly trackedduring featuretracking. It can be seenin Figure 8 (a) that thesefeaturesdrifted

to the right foot of the person.Despitea small numberof errors,the majority of the featurepointsare

successfullyclusteredaroundthe correctpersons.

ExampleTwo: In this example,a syntheticvideosequencecontainingthreemovingobjectswasgenerated

to test theperformanceof the secondalgorithm.In this sequence,the®rstobjectmovesalonga circular

track to the left part of the scene,the secondobject translatesdownwardalong the vertical axis, and
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Fig. 5. Reconstructed3D modelof the walking person.

the third objecttranslatesto the left without rotation.In the experiment,70 featurepointson thesethree

movingobjectswereused.Among thesefeatures,the ®rst20 featuresareon the ®rstobject,thenext20

on the secondobject,and the rest lies on the third object.The trajectoriesof thesefeaturesare shown

in Figure9 (a). Figures9 (b - f) showthe estimatedmotiondistributions.Sincethe motion distributions

of all threeobjectsaremixed together, multiple modescanbe observed.

By usingthesecondalgorithm,themotionandstructureof thesethreemovingobjectscanbeestimated

simultaneously. Featuresegmentationresultsusing this sequenceare shownin 10. The horizontalaxis

showsthe indicesof the featurepoints. The featurepoints belongingto the ®rst,and secondobjects

are labeledby two in Figure (a), (b) and the third object by one in Figure (c), respectively. We can

seethat thereis no falsealarmin the featuresegmentationresults;howeversomefeaturepointson the

secondand the third objectsare not extracted.The marginalizedmotion distributionsof thesemoving

objectsat different time instantsandstructureestimatesareshownin Figure11. Eachcolumnof Figure

11 correspondsto the motionandstructureestimatesrelatedto onemovingobject.Figuresfrom the left

to the right are relatedto the ®rst,the secondandthe third moving object.The ®rst®verows from the

top of Figure11 showthe motion distributions.From the top to bottom,the ®guresarethe distributions

of the rotationanglesaboutthe J , � and � axesand the translationdirectionangles.The last row of

Figure11 showsthe structureestimatesof the segmentedfeaturepointsfor eachmoving object.

ExampleThree:Thisexampleusesanimagesequencecontainingtwo persons.Onepersonwaswalkingto
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Fig. 6. Onereconstructed3D modelof the backgroundscene.It canbe seenthat this modelis the correctestimateof the true

one.

Fig. 7. The other3D modelof the backgroundscene.It is a false reconstruction.
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Fig. 8. The trajectoriesand segmentationresultsusing the image sequencewith three walking people.(a) showsfeature

trajectories.Featurepointsbelongingto the®rst,secondandthird personsaremarkedby circlesin (b), (c) and(d), respectively.

theright andtheotherwasmovingforwardroughlyalongtheopticalaxisof thecamera.Sincethecamera

was also moving, the backgroundsceneservedas the third moving object with respectto the camera.

Forty-four featurepointsweretrackedthroughoutthe sequence.The featuretrajectoriesaredisplayedin

Figure12 (a). By using the secondMIMO-SfM algorithm,featureson differentmoving objectscanbe

clusteredandat thesametime, themotionof eachmovingobjectcanbeestimated.Theresultsof feature

segmentationareshownin Figures12 (b - d). Featurepointssegmentedout for eachobjectaremarked

by circles.Figure13 showsthe empiricalmeans(thick curves)andthe standarddeviation(thin bars)of

the validity vectorsusingthe clusteredsamplesrelatedto the pointson the background.Figures13 (a),

(b) and(c) showthesevaluesat the initial, the middle andthe last time instants.It canbe seenthat the

meanof the validity vectorgraduallyevolvesto a desiredstructure,in which the entriesof the features

on the backgroundhavelarge positivevalueswhile the othersnegative.The standarddeviationsof the

validity vectorarealsodecreasing.

Partial 3D modelsof theseobjectswere also reconstructed.Figure 14 showsthe face model of the

®rstperson.Although only a roughmodelcanbe recovereddueto the fact that only a small numberof

featurepointsareavailable,the shapeof the faceandsurroundingregionsarecorrectlyrecovered.

Motion andstructureambiguitieswerepresentwhenthemotionandstructureparametersof thesecond

personand the backgroundwere estimated.Two 3D modelswere computedfor eachof them, one is

closeto the true modeland the other is a false reconstruction.Figure15 showsthe the two modelsof

thebackground.Picturesin eachrow showonemodel,viewedfrom a differentviewpoint.It canbeseen
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Fig. 9. Theobservedfeaturetrajectoriesandthemixedmotionestimationresultsusinga syntheticsequencewith threemoving

objects.(a) showsfeaturetrajectoriesin the syntheticsequence.Oneobjectmovesalonga circular track to the left part of the

scene,anotherobjecttranslatesdownwardalongtheverticalaxis,andthethird objectalsotranslatesto theleft. Themarginalized

posteriordistributionsof the motion parametersof the threeindependentlymoving objectsareshowntogether. (b), (c) and(d)

aretheposteriordistributionsof thecamerarotationanglesaboutthe � , � and
�

axes,respectively. (e) and(f) aretheposterior

distributionsof the azimuthandelevationanglesof the cameratranslationdirection,respectively.

that the modelshownin the ®rstrow is a correctestimateof the true model.The picturesin Figure16

displaythe two modelsof thesecondperson.Still themodelshownin the ®rstrow is a correctestimate

of the true model. It can be seenthat the true surfacereconstructionis relatively much smootherthan

the falsereconstruction.

V. CONCLUSIONS

The MIMO-SfM problemhasbeeninvestigatedin this paperusing SIS. Two algorithmshavebeen

proposedto handledifferentscenarios:(1) whenonly two objectsarepresentin the imagesequenceand

(2) whentwo or moreobjectsarepresent.Thestatevectorcontainsbothmotionandfeaturesegmentation

parameters.In the ®rstalgorithm for two objects,an SVD-basedsegmentationmethodis proposedto

clusterthesamplesof thevalidity vectorof differentmovingobjects.In thesecondalgorithm,a balancing

stepis addedinto the SIS procedureto preservelightly weightedsamplesso that all objectsmight have
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Fig. 10. Featuresegmentationresultsusingthe syntheticsequence.The horizontalaxisshowsthe indicesof the featurepoints.

The featurepoints belongingto the ®rst,and the secondobjectsare labeledby two in Figure (a), (b) and the third object by

one in Figure(c), respectively.

enoughsamplesto propagateempiricalmotionandvalidity vectordistributions.Thetwo algorithmshave

beentestedusingboth syntheticandreal imagesequences.A limitation of the secondalgorithmis that

a large numberof samplesare requiredwhen many objectsare presentin the imagesequence.So far,

we haveonly consideredfully calibratedcamera.For future research,we would like to investigatethe

MIMO-SfM problemwith uncalibratedcameras.
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Fig. 11. Motion and structureestimatesusingthe syntheticsequence.The ®rst®ve®guresat the top of the ®rstcolumnare

the marginal posteriordistributionsof the motion parametersat different time instantsand the last one showsthe structure

estimatesof the segmentedfeaturepointsassociatedwith the ®rstobject(moving alonga circular track) andthe resultsrelated

to the secondobject (moving vertically) and the third object (moving to the left) are shownin the secondand third columns,

respectively.
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Fig. 12. The trajectoriesandsegmentationresultsusing the imagesequencewith two walking people,capturedby a moving

camera.(a) showsfeaturetrajectories.Featurepointsbelongingto differentobjectsaremarkedby circlesin (b), (c) and(d). (b)

showsthe featureson the ®rstperson(walking to the right) and(c) showsthe featureson the secondperson(walking alongthe

optical axis) and(d) showsthe featureson the backgroundscene.
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Fig. 13. Temporalevolutionof the validity vectors.These®guresshow the empiricalmeans(thick curves)and the standard

deviation(thin bars)of the validity vectorsusing the clusteredsamplesrelatedto the backgroundin the ®rstexample.(a), (b)

and(c) showthesevaluesat the initial, middle and last time instants.
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Fig. 15. Two reconstructedmodels(one in eachrow) of the backgroundscene.The model in the ®rst row is the correct

estimate.
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correctestimate.
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