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ABSTRACT

The problem of structure from motion (SfM) is to extract the
three-dimensional model of a moving scene from a sequence
of images. Though two images are sufficient to produce a
3D reconstruction, they usually perform poorly because of
errors in the estimation of the camera motion and image cor-
respondences, thus motivating the need for multiple frame
algorithms. One cornmon approach to this problem is to de-
termine the estimate from pairs of images and then fuse them
together. Data fusion techniques, like the Kalman filter, re-
quire estimates of the error in modeling and observations.
The complexity of the SfM problem makes it difficult to re-
liably estimate these errors. This paper describes a new re-
cursive algorithm to estimate the camera motion and scene
structure by fusing the two-frame estimates, using stochas-
tic approximation techniques. The method does not require
estimates of the error in the two-frame case and can recon-
struct the scene to arbitrary accuracy given a sufficient num-
ber of frames. Experimental results are reported to support
these claims.

1. INTRODUCTION

The problem of structure from motion is to extract the three-
dimensional model of a moving scene from a sequence of
images. Traditional SfM algorithms [1], [2] recover a 3D
scene structure from two images. However, these algorithms
often produce inaccurate reconstructions of the scene, mainly
due to incorrect estimation of camera motion and poor image
correspondences, thus necessitating multi-frame algorithms
(MFSfM). We describe a recursive fusion algorithm to esti-
mate the 3D structure and camera motion from a sequence
of images, given the estimates from every consecutive pair
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of images. The technique uses ideas from stochastic opti-
mization to obtain a robust estimate. With this method, it
is possible to reconstruct the scene to an arbitrary accuracy
given a sufficiently large number of frames. The basic SfM
equations we will consider throughout this paper are [3]:

p(z,y) = (2 — zp)h(z,y) + zyws — (1 + :c2)wy + yw,
gz, y) =y —yp)hle,y) + (1 + yz)wx — rywy — rw,, (1)

where p(z, y) and ¢(z, y) are the horizontal and vertical ve-
locity fields of a point (z, y) in the image plane, V = [vg, vy, v,]
and m = [wg,wy,w,] are the translational and rotational
motion vectors respectively, (zy,ys) = (3%, Z—‘l is the fo-

cus of expansion (FOE) and h(z,y) = 7(—';1'—), where Z(z, y)

is the scene depth 1.

2. STATISTICAL ANALYSIS OF TWO-FRAME
RECONSTRUCTION

Observation Statistics In Fig. 2, we plot the estimates of
the first six moments and the first four cumulants of
the two-frame depths values. For Gaussian random
variables, all odd central moments are identically zero
and all cumulants greater than two are zero, which is
not the case as seen from the figure. The estimated
skewness is -0.25 and the kurtosis is 1.9, which indi-
cates that the distributionis far from Gaussian [4]. We
also plot the estimated variances of the different fea-
tures along the horizontal and vertical directions sep-
arately in Figure 1 2. The features were selected and
tracked across 50 frames using the standard KLT tracker
[5]. The variances were computed separately for the
horizontal and vertical components using bootstrap-

1 All linear dimensions are normalized in terms of the focal length f of
the camera.

2The variance of the vertical components is small since the motion was
approximately restricted to the horizontal plane.
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Variance of Vertica Component

Variance of Horizontal Component

Fig. 1. Plot of the variances of the image correspondences
for different features in an outdoor sequence. The diame-
ter of the circle is proportional to the variance of that feature

point.
LAl
.

0 5 10 15 20 0 5 L

- Moment of Order2

;

20

o 15
—— Momen of Order4
0 —-—/\/—/\//"\ 0.02 [N
o1 — Moment of Orderd - ;
) 5 10 15 20 (] 5 0 15 2
0.02 oot
— Mormien! of Orders
0 —/\/—/\/—/\/‘ 0.005
— Moman ol Order y
002
0 5 10 15 20 o ‘O 5 10 15 20
: — Cumulani of Order2
0.05
— Cumunt of Ordert ~NJ/V
0 5 10 15 2 ‘o 5 10 15 2
04 0.0
— Cumulant of Order3

~— Cumulani o Orderd

|

Fig. 2. Plot of estimates of the moments: and cumulants of
the two-frame depth for the outdoor house sequence of Fig.
1 against the feature points. Skewness = 1.1; Kurtosis = 3.2
=> right skewed and peaked distribution.

ping techniques with 200 bootstrap samples [6]. Anal-
ysis of the figures suggests that the uncertainty in the
image correspondences is a function of the feature
point.

Outliers In order to make our algorithm robust to outliers,
we use the least median of squares (LMedS) cost func-
tion rather than the least mean square (LMS). The

LMedS method has a high breakdown point which makes

it robust to outliers [7]. Experiments have shown that
the LMedS estimator is very robust to outliers due to
both bad localization and false matches [8]. Also, be-
cause of the non-Gaussianity of the noise, the LMedS
will be an efficient estimator [4].

We will now derive an expression relating the covariance of
the structure and motion estimates to the covariance in the
image correspondences. Recall equation (1). Consider that
the FOE is known 3. Then following the notation of [2] (re-

3In most video sequences, the FOE does not change appreciably over
a few frames; thus it can be estimated from the first two/three frames and

fer here for the details of the notation), equation (1) can be
written, for V points, as

Az = u. 2)
where
h ]
z =
m
h = (hy,ho,...,hN)
u = (p1,91,P2,92, PN, IN)
m = (wg,wy,w,) 3)

Letz = ¥(u). Expanding  in a Taylor series around E[u],
and denoting Dy, (x) = F=, we can write up to a first order
approximation

E[((u) = E[¥(0)])($(u) = E[p(u)])]
E[Dy(E[u])(u - Eu])(u — Efu])(Dy(E[u]))]
Dy(E[u])RyDy(E[u]) G))

R,

it

Il

where R, is the covariance matrix of u. Now consider the
cost function

C = SllAz—ulf
1 n=2N
= 3 N CHui,2) 5)
i=1
Then using the implicit function theorem [9],
104
-l
where
ac’ ¢
¢ = T and H= B a
Thus (4) becomes
/
R, =H %R 9 - ®
Ju " du

and after some simple calculations (similar to that outlined
in [8]) and assuming that each feature point as well as the
components of the motion vector at each feature point are
independent of each other, equation (8) becomes

ac; 8C; , 8C; 9C;
R,=H"! R, AL HT
( - 0z Ou ou 0Oz ) O
where Ry, = diag[Ruy10, Rule,* * , RuNo, Rue), and which

gives a precise relationship between the uncertainty of the
image correspondences Ry, and the uncertainty of the depth

assumed known thereafter.



and motion estimates R, *. B Defining 7 = [7/2],
representing the upper ceiling of ¢, (7 will then represent the
feature points NV and i = 1,...,n = 2N).

Ao = [—=(r; — z£)15] — r5] = [Aion [Arem]
Az [(— (7 — y1)1il — s3] = [AienlAiem]

where 1, denotes a 1 in the nth position of the array and
zeros elsewhere and r; = [z;y;, —(1 + z?),y:] and s; =
(1 + y2, —z;y;, —;i]. Substituting our cost function from
(5), we get

i

0C; A;,, iodd
bz { A;., ieven ’ (10
as a 1 x (N+3) dimensional vector and
0Ci | aa ec L. so ooy
du 9p1 0q Opn 9N
= 1, (11

as a I x 2N dimensional array. Hence the Hessian from (9)
becomes

H= Y A, A+ > A A (12)

: odd ieven
and
R, = H! Z ‘A{olAfoRu{‘g + Z ‘428,‘4;€Ru;€
1 odd ieven
13)

A similar expression can be derived when the FOE is un-
known by redefining

Ay = [(zi—zf)l; by 0 |-r3],
= [‘4?<>h|<4?em]y

Aie = [w—yp)li 0 by |—s5)
= [AjenlAiem]

Because of the partitionof z = [h|m], R, can be partitioned
as

R, = [ Ru Rum ] : (14)

3. THE ESTIMATION TECHNIQUE

3.1. Problem Formulation

In our notational convention, subscripts will refer to feature
points; superscripts will refer to frame number. Thus z? refers
to the variable z for the :-th feature point in the j-th frame.

4AT and A’ both represent the transpose of A.

H—T

When either of them is omitted, it means that the expressions
are valid irrespective of the omitted feature point or frame
number. We now describe our problem formally. The mod-
eling of the depth is done for each 3D pointseparately. Let s*
represent the depth computed from the ¢ and (:+1)-th frame,
i1 =1,..., K, (K + 1) being the total number of frames. As
the camera moves to a new position, the fused structure S
is transformed to the new coordinate system as T*(S%) =
R'S'+V*; and the problemat stage (i+1) is to fuse s**! and
T*(S%), where R and V* represent the rotation and transla-
tion of the camera between the 7 and (¢ 4+ 1)-th frames. R
is the rotation matrix corresponding to Q2. We represent the
motion components by the vector m = [wx, wy, wy, %:, %]
if FOE isunknownorm = [wx, wy, w,] if the FOE is known.
If {d*} is the transformed sequence of depth values with re-
spect to a common frame of reference, then the optimal value
of the depth at the point under consideration is obtained as

u* = arg min (median(d’ — u)?) (15)
u

3.2. Depth Estimation

The Robbins-Monro stochastic approximation (RMSA) al-
gorithm is a stochastic search technique for finding the root
6* to g(0) = 0 based on noisy measurements of g(#), i.e.
Yi(8) = g(8) + ex(6),k = 1,..., K, where eg(f) is as-
sumed to be an arbitrary noise term, K is the number of
observations and E[Y (8, ¢)] = ¢(6) (F denotes expectation
over e). The RMSA algorithm obtains the estimate by the
following recursion, ék-{—l =6, — akYk(f}k), where q;, is an
appropriately chosen sequence [10]. Recall equation (15).
For each point, we compute X*(v) = (& — w)?,u € U.
Then we need to compute the median (say ) of X° ... XK
with an unknown distribution F'x, i.e. obtain # such that
g(8) = Fx () — 0.5 = 0. Defining Y*(6*) = s*(6%)— 0.5
and s* (§*%) = I[xk <iR(n) (I represents the indicator func-

tion and Tk is the estimate of the camera motion), the the
Robbins-Monro (RM) recursion for the problem is (refer to
[11] for details of the algorithm):

Ory1 = Ti(6r) — ar(se(0) — 0.5) (16)

3.3. Camera Motion Tracking

Our discrete-time dynamical model of the camera motion is:

mi~! + wi,
m' + vt a7

m’

i

y =

w is modeled as a zero mean white noise process with E[wiw/] =

Q15(i, j). The observations of the camera motion (output of
the two-frame algorithm), y* are corrupted by a zero mean,
noise process v*, with a diagonal covariance matrix V%, v
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Fig. 3. Block diagram of the multi-frame fusion algorithm.

and w are assumed to be mutually uncorrelated across all in-
stants of time, i.e. E[viw/] = 0, for all (7, j) and are also
independent of the parameter m’ at all time instants. We are
interested in designing a linear mean square error (LMSE)
estimator of the camera motion m' based on the observa-
tionsy = [y?,yt~!, ..., y' ¥+ Let m!l* denote the esti-
mate of thi! based on the observations[y?, ..., y*]and £t!* =
E{(m* — m**)(m' — m!l*)]. Then the LMSE estimate
can be obtained from the Kalman filtering algorithm as fol-
lows. Re-indexing the observation vector y as [y*, ..., y!],
the Kalman filter is given by the following recursion [12]

rhklk — lilklk_l + I\’k(yk _ Ii],klk)
L Y S
I\fk — Ek“c—l[vk: + Eklk—l]—l
wklE-1 yk—1jk-1 + Qk- (18)

Then £y» = E[(y* ~ E[y*])(y* — E[y*])] = E[(m* +
VE —p ) (0 4vF — )] = El(mF ~ pn )(m* ~ )]+
V# = RE | where i, = E[m’] = E[m‘~!] = E[y']°.
Thus the observation noise covariance can be obtained from
(14) and the camera motion filter derived.

Figure (3) depicts a block diagram of the multi-frame fu-
sion algorithm.

4. RESULTS AND ANALYSIS

We applied our algorithm for 3D modeling of human faces
from 2D images. Given a sequence of images, we used the
two frame algorithm described in [2] to obtain the depth map
and the motion estimates. At each stage, the fused estimate
was transformed to the new coordinate system of the next

pair of images, using the estimates of the camera motion tracked

till that frame. A 3D model was created by interpolating the
values at the pixels at which the depth was not obtained us-
ing the MATLAB Graphics toolbox. From this model, we
synthesized views which are not part of the original image
sequence (Fig. 4).

3The same notation is used for the random variable and its realization.
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Fig. 4. The first two columns show the first and last frames
used to compute the depth. The last two columns repre-
sent views from camera positions not part of the original se-
quence.

5. CONCLUSION

In this paper we have presented a recursive algorithm for fus-
ing two-frame depth estimates over time using stochastic ap-
proximation techniques and tracking the camera motion us-
ing an optimal motion filter. Our method is independent of
the underlying two-frame algorithm and takes into consid-
eration the statistics of the errors in the intermediate recon-
structions. The method is robust to stray erroneous values in
the depth and the estimate converges to the true value givena
sufficiently large number of frames. The work was applied
to the modeling of human faces and results have been pre-
sented.
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